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Spectral invariants and global pseudo-differential calculus on compact Lie groups and
homogeneous spaces
Alexander Cardona
Mathematics Department, Faculty of Sciences
Universidad de los Andes, Bogotá, Colombia
acardona@uniandes.edu.co

Global pseudo-differential calculus on compact Lie groups and homogeneous spaces gives, via representation theory, a
semi-discrete description of the global analysis and spectral theory of a wide class of operators on these objects. Based
on the theory developed by Ruzhansky and Turunen, during this talk we will consider spectral invariants of index type
for global homogeneous pseudo-differential operators; some examples and potential applications will be addressed.

The Solvability of Differential Equations
Nils Dencker
Centre for Mathematical Sciences
Lund University, Sweden
dencker@maths.lth.se

Since Hans Lewy presented his famous counterexample sixty years ago, it has been known that almost all non-symmetric
linear partial differential equations are not solvable. For differential equations with simple characteristics, solvability is
equivalent to the Nirenberg-Treves condition (Ψ). This condition involves the non-symmetric part of the highest order
terms.
In this talk, we shall consider differential operators that have double characteristics. Then the solvability may depend
on the lower order terms, and one can define a condition corresponding to (Ψ) on these terms. We shall show that this
condition is necessary for solvability in several cases.

The role of Banach Gelfand Triples in the context of Conceptual Harmonic Analysis

Hans G. Feichtinger
Faculty of Mathematics
University of Vienna, Austria
hans.feichtinger@univie.ac.at

The idea of “Conceptual Harmonic Analysis” grew out of the attempt to make objects arising in Fourier Analysis or
Gabor Analysis (such as norms of functions, their Fourier transforms, dual Gabor atoms, etc.) computable. Using
suitable function spaces such as the Segal algebra S0 (Rd ) it should be possible to find concrete algorithms which allow
to compute approximations on existing hardware in finite time, up to (at least potentially) arbitrary requested precision.
Going beyond the ideas of Abstract Harmonic Analysis, which only allows to identify the analogies between objects on different LCA (locally compact Abelian) groups, the idea of Conceptual Harmonic Analysis is to emphasize the connections
between these settings, for example, in order to use methods from discrete, periodic Gabor analysis (computationally
realizable using e.g. MATLAB) in order the study the continuous case.
The Banach Gelfand Triple (S0 , L2 , S00 )(Rd ), which can also be seen as a “rigged Hilbert space”, justifies a number of
such procedures providing a tool to deal with periodic, or continuous or discrete signals in a unified way. As it turns out
the so-called w∗-convergence is crucial, and fine partitions of unity as well as regularizing operators play a crucial role
in this context. Due to the kernel theorem for this setting also various spaces of operators can be studied.
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[1] Elena Cordero, Hans G. Feichtinger, and Franz Luef. Banach Gelfand triples for Gabor analysis. In Pseudo-differential
Operators, Vol. 1949 of Lecture Notes in Mathematics, Springer (2008), 1–33.
[2] Hans G. Feichtinger, Elements of Postmodern Harmonic Analysis. In Operator-related Function Theory and TimeFrequency Analysis. The Abel Symposium 2012, Oslo, August, 2012, Springer (2015), 77–105.

Fractional-order operators: Boundary problems, heat equations
Gerd Grubb
Department of Mathematical Sciences
Copenhagen University, Denmark
grubb@math.ku.dk

The fractional Laplacian P = (−∆)a , 0 < a < 1, — and other fractional-order operators — has been studied intensively in
recent years because of its interesting applications in mathematical physics and differential geometry, and in probability
and finance (in the latter because it is the infinitesimal generator of a stable Lévy process). It is a linear operator,
entering also in nonlinear problems. Some of the questions that are asked are similar to those asked in connection with
the Laplacian, but now with the additional difficulty that (−∆)a is a nonlocal operator.
The trend among nonlinear PDE people has mostly been to use methods from potential theory and singular integral
operators, whereas the fact that it is a pseudodifferential operator has not been taken much into account, until recently.
We shall talk about some of the results that can be obtained via pseudodifferential methods, for boundary value problems,
e.g., the homogeneous Dirichlet problem defined from a variational setup, but also an inhomogeneous Dirichlet problem
with nontrivial boundary data, and Neumann-type problems. Most recently, regularity results have been shown for
problems with a time-parameter, the associated heat equation P u(x, t) + ∂t u(x, t) = f (x, t).

[1] Gerd Grubb, Fractional Laplacians on domains, a development of Hörmander’s theory of µ-transmission pseudodifferential operators, Adv. Math. 268 (2015), 478–528.
[2] Gerd Grubb, Integration by parts and Pohozaev identities for space-dependent fractional-order operators, J. Diff. Eq.
261 (2016), 1835-1879.
[3] Gerd Grubb, Lp -regularity of solutions to fractional heat equations, arXiv:1706.06058.

Modelling and analysis of structured populations: From Euler to adjoint semigroups
Mats Gyllenberg
Department of Mathematics and Statistics
University of Helsinki, Finland
mats.gyllenberg@helsinki.fi

In this talk I start by presenting the principles of modelling physiologically structured populations. The basic ideas go
back to Euler and many of his results have been reinvented time and again by ignorant mathematicians. I then derive a
set of equations taking the form of nonlinarly coupled renewal equations and delay differential equations that serves as
a general model for all relevant (?) physiologically structured populations. Finally I explain how this general model can
be analysed using the theory of adjoint semigroups.
The talk is based on collaboration with Odo Diekmann and Hans Metz
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On traffic modeling and the Braess paradox

Helge Holden
Department of Mathematical Sciences
NTNU Norwegian University of Science and Technology, Norway
helge.holden@ntnu.no

We will discuss models for vehicular traffic flow on networks. The models include both the Lighthill–Whitham–Richards
model and Follow-the-Leader models. The emphasis will be on the Braess paradox in which adding a road to a traffic
network can make travel times worse for all drivers.
The talk is based on collaborations with N. H. Risebro (Oslo) and R. Colombo (Brescia)
[1] H. Holden, N. H. Risebro. Continuum limit of Follow-the-Leader Models. arXiv 1702.01718.
[2] H. Holden, N. H. Risebro. A mathematical model of traffic flow on a network of unidirectional roads. SIAM J. Math.
Anal. 26 (1995), 999–1017.
[3] R. Colombo. H. Holden. On the Braess paradox with nonlinear dynamics and control theory. J. Optim. Theory
Appl. 168 (2016), 216–230.

Dyadic representation of singular integrals and applications

Tuomas Hytönen
Department of Mathematics and Statistics
University of Helsinki, Finland
tuomas.hytonen@helsinki.fi

Singular integral operators play a prominent role in various areas of pure and applied analysis. Due to the singular nature
of the defining integrals, it is often preferable to find alternative representations with better convergence properties. A
particular class of such representations of high recent interest consists of averages over families of so-called dyadic shifts.
A breakthrough of this method was the solution of A2 conjecture concerning sharp quantitative norm bounds for singular
integrals on weighted L2 (w) spaces [3], but some of its roots (in a different but not unrelated form) go back to the work
of Beylkin et al. on numerical algorithms for the computation of singular integrals [1]. Nowadays there are simpler
proofs of the A2 conjecture, where the linear identity given by the dyadic representation is replaced by a non-linear
upper bound in terms of so-called dyadic domination, but the dyadic representation continues to have other applications,
where linearity is required, e.g. in the estimation of commutators of singular integrals and pointwise multipliers [2].
Aside from the existing results, I might speculate a little about the possibility of adapting these dyadic representations
– very efficient for theoretical considerations – also for numerical computations, in the spirit of [1].
[1] G. Beylkin, R. Coifman, V. Rokhlin, Fast wavelet transforms and numerical algorithms I, Comm. Pure Appl. Math.
44 (1991), 141–183.
[2] I. Holmes, M. Lacey, B. Wick, Commutators in the two-weight setting, Math. Ann. 367 (2017), 51–80.
[3] T. Hytönen, The sharp weighted bound for general Calderón–Zygmund operators, Ann. of Math. 175 (2012), 1473–
1506.
[4] T. Hytönen, Representation of singular integrals by dyadic operators, and the A2 theorem, Expo. Math. 35 (2017)
166–205.
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Spectral inequalities and their applications
Ari Laptev
Department of Mathematics
Imperial College London, UK
a.laptev@imperial.ac.uk
Mittag-Leffler Institute, Stockholm, Sweden
laptev@mittag-leffler.se

I shall briefly describe the theory of coherent state transformations and its applications to the spectral theory. Then I
apply this theory to the study of the Weyl type asymptotics and spectral estimates of functional-difference operators
associated to mirror curves of special del Pezzo Calabi-Yau threefolds.

Solvability of Planar Complex Vector Fields With Elliptic Degeneracies
Abdelhamid Meziani
Department of Mathematics and Statistics
Florida International University, Miami, Florida
meziani@fiu.edu

Let L = A(x, y)∂x + B(x, y)∂y be a vector field in R2 with C-valued coefficients A and B. When L is elliptic in a domain
Ω ⊂ R2 , a change of variables reduces the study of L to that of ∂. The goal of this presentation is to consider the case
when L has elliptic degeneracies in an open set Ω. That is, when the set {p ∈ Ω; L ∧ L = 0} is non empty. Sufficient
conditions for the solvability of L will be given. The main tool used for the solvability is a generalized Pompeiu operator
for L. Riemann-Hilbert type boundary value problems for L will also be considered.

Almost-positivity of pseudodifferential operators
Alberto Parmeggiani
Department of Mathematics
University of Bologna, Italy
alberto.parmeggiani@unibo.it

It is well-known that a priori estimates such as the Gårding, the Sharp-Gårding, the Melin, the Hörmander and the
Fefferman-Phong inequalities play a central role in a variety of problems, ranging from spectral theory, well-posedness of
the Cauchy problem of parabolic or hyperbolic type (especially in presence of degeneracy, i.e. multiple characteristics),
to local and global solvability of PDEs, hypoellipticity and subellipticity, just to mention a few. In my talk I will in
the first place recall the mentioned inequalities and explain the influence of the geometry of the characteristic set and
of lower-order terms in the estimates; I will then discuss generalizations and open problems in some directions (higher
characteristics, relaxation of the geometric assumptions, non-Euclidean settings) and finally describe what is known, at
present, about systems of pseudodifferential operators.

Morrey spaces from various points of view
Yoshihiro Sawano
Department of mathematics and information science
Tokyo Metropolitan University, Japan
yoshihiro-sawano@celery.ocn.ne.jp
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Let 1 ≤ q ≤ p < ∞. Define the Morrey norm k ? kMpq by
n
o
1−1
kf kMpq ≡ sup |Q| p q kf kLq (Q) : Q is a cube in Rn
for a measurable function f . The Morrey space Mpq (Rn ) is the set of all measurable functions f for which kf kMpq is
finite.
This norm goes back to the paper by Morrey in 1938 [1]. Later based on the observation by Morrey Peetre started to
consider the Morrey norm [2].
We are oriented to the following topics:
(1) The origin of Morrey spaces–the observation made by C. Morrey.
(2) Examples of the functions in Morrey spaces.
(3) Morrey spaces from the viewpoint of functional analysis.
(4) Interpolation of Morrey spaces.
(5) Fourier transform and Morrey spaces.
(6) Weighted Morrey spaces.
(7) Various related spaces.
The talk is based on collaborations with many people, whose name will be listed in the talk.
[1] C.B. Morrey, On the solutions of quasi linear elliptic partial differential equations, Trans. Amer. Math. Soc. 43
(1938), 126–166.
[2] J. Peetre, On the theory of Lp,λ , J. Funct. Anal. 4 (1969), 71–87.

Applications of the Hörmander’s L2 method in complex analysis

Ragnar Sigurd̄sson
Department of Mathematics,
University of Iceland,
Iceland
ragnar@hi.is

In 1965 Lars Hörmander published his paper on L2 estimates and existence theory for the Cauchy-Riemann equations.
This paper together with his book from 1966 had a major impact on the development of complex analysis in several
variables. In the lecture I intend to describe the these results, which are commonly called the L2 method, and give some
examples of its application from the work of Hörmander and others.
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Applications of dynamical systems theory in biology
Organizers: T. Lindström, A. Asta, L. Tamburino
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Directed preferential attachment models
Tom Britton
Department of Mathematics
Stockholm University, Sweden
tom.britton@math.su.se

The original preferential attachment model for an undirected network was 10 years ago generalized to a directed network
model, where nodes together with out- or in-directed edges appear sequentially, and where the probability to attach to
a given node is proportional to the in- (out-) degree of that node. The bivariate degree distribution is defined as the
in- and out-degree of a randomly selected node. In the talk we analyse the model using a new approach where it is
shown that the distribution can be characterized by two independent birth processes observed at a common exponentially
distributed time-point. The method is easily extended to more realistic models allowing for doubly-directed edges as
well as attachment probabilities depending both on in- and out-degree.

Stochastic Epidemic Model Driven by white noise or Lévy jumps
M. El Fatini
Laboratory of Mathematics and Applications
Ibn Tofail University, Marocco
melfatini@yahoo.fr

There are many cases when deterministic models are not adequate. For example, dynamics fluctuations are not smoothed
out by statistical averaging, and the time evolutions of such systems are therefore stochastic. The randomness in the
system usually cannot be ignored, thus, one is forced to adopt a stochastic description. the stochastic models take into
account in addition of the mean trend, the variance structure around it.
In this work we are interested in the study of the behavior of the global positive solution for an epidemic model
characterized by temporary immunity. We analyse the qualitative behavior of the disease around both the disease-free
and endemic equilibria. We show that the solution does random fluctuations with an intensity related to the values of
the volatility or jump increments.
The talk is based on collaborations with B. Berrhazi, A. Laaribi and R. Taki.

Modelling and analysis of maturation processes of stem cell populations
Philipp Getto
Center for Dynamics
TU Dresden, Germany
Philipp.Getto@tu-dresden.de

I will first present a pde model for the regulated maturation process of a maturity structured stem cell population [2].
Integration along the characteristics leads to a differential equation with state-dependent delay. I will show some recent
results on global well-posedness and the associability of a linear variational equation that allows stability analysis [1,3].
There will also be presented work in process on local and global stability of equilibria.
The talk is based on collaborations with Istvan Balazs, Tibor Krisztin, Yukihiko Nakata, Gergely Röst and Marcus
Waurick.
[1] O. Diekmann, Ph. Getto and Y. Nakata, On the characteristic equation λ = α1 + (α2 + α3 λ)e−λ and its use in the
context of a cell population model Journal of Mathematical Biology 72(4) (2016) 877–908.
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[2] Ph. Getto and A. Marciniak-Czochra, Mathematical modelling as a tool to understand cell self-renewal and differentiation book chapter in M dM. Vivanco (ed.) “Mammary stem cells - Methods in Molecular Biology” Springer Protocols,
Humana Press, 2015.
[3] Ph. Getto and M. Waurick, A differential equation with state-dependent delay from cell population biology, Journal
of Differential Equations 260(7) (2016) 6176–6200.

Long-term behaviour of deterministic population models with stochastic interventions
Sander Hille
Mathematical Institute, Faculty of Science
Leiden University, The Netherlands
shille@math.leidenuniv.nl

For understanding the long-term dynamics of some biological population dynamics one needs to consider models in
the class of so-called piece-wise deterministic Markov processes. In such models, during a period of time the system
evolves according to a deterministic description (e.g. given by an ordinary or partial differential equation), followed by
a stochastic jump in state space. The probability distribution for timing or size of this jump, or both, can be dependent
on the state of the system. Such models occur for example when considering antibiotic treatment of bacterial infection,
fishing, or insect populations with non-overlapping generations when the stochastic effects on death in winter are taken
into account.
In the presentation we will introduce these examples, motivate the modeling approach and discuss analysis techniques
for studying the long-term behaviour of the corresponding models. In the latter we take an analytical (Markov) operator
point of view. That is, we study the dynamical system in the space of probability measures defined by iteration of these
operators.

Cycles and multiple attractors explained in terms of saturation effects for mixotrophy
Torsten Lindström
Department of Mathematics
Linnæus University, Växjö, Sweden
Torsten.Lindstrom@lnu.se

In this paper we check the dynamical consequences of the invasion of mixotrophs by the use of a model that is a limiting
case of the explicit resource dynamics modeling of the chemostat. We first consider the unsaturated case and end up
with a rather complete description of its dynamical behavior in terms of its mixotrophic parameters. Indeed, the model
has always at least one locally stable equilibrium.
The saturated case is more difficult to describe and saturation causes the possibility for a unique limit cycle in the
predator-prey plane and multiple equilibria in the competition plane. We show that the invasion of mixotrophs has a
stabilizing impact on autotroph-herbivore dynamics.
The talk is based on collaboration with Yuanji Cheng and Subhendu Chakraborty.
[1] C. Jost, C. A. Lawrence, F. Campolongo, W. van de Bund, S. Hill, and D. L. DeAngelis. The effects of mixotrophy
on the stability and dynamics of a simple planctonic food web model. Theoretical Population Biology, 66, (2004), 37-51.
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How to find efficient harvesting strategies in stage-structured populations
Niklas L.P. Lundström
Department of mathematics and mathematical statistics
Umeå University, Sweden
niklas.lundstrom@umu.se

We show how to find harvesting strategies that account for both yield and conservation when allowing for different
harvesting rates on juveniles and adults. Our methods are based on construction of several measures of conservation as
well as Pareto-efficient trade-offs between these measures and yield. By applying our technics on two well established
population models we show that (1) pretty good yield can give large conservation benefits, (2) equal harvesting rates
of juveniles and adults is often a good strategy, and that (3) the impact of harvesting on population biomass and size
structure acts as warning signals of an impending collapse.
The talk is based on collaborations with Nicolas Loeuille, Xinzhu Meng, Mats Bodin and Åke Brännström.

A Subgradient Method for Unconstrained Nonconvex Nonsmooth Optimization
Morteza Maleknia
Department of Mathematics, Faculty of sciences
University of Isfahan, Iran
maleknia.morteza@gmail.com

In this talk, we present an algorithm for solving non-convex non-smooth optimization problems by using Clarke Subdifferential. We propose an iterative method that solves an unconstrained nonconvex nonsmooth optimization problem.
The proposed method is a descent method that uses subgradients at each iteration and contains very simple procedures
for finding descent directions and for solving line search subproblems. This method can be applied to solve linearly
constrained problems.

Modelling molecular motor function for drug discovery
Alf Månsson
Department of Chemistry and Biomedical Sciences
Linnæus University, Kalmar, Sweden
alf.mansson@lnu.se

Cell motility, e.g. muscle contraction,is driven by cyclic interactions between the proteins actin (A) and myosin II (M),
powered by turnover of the phosphonucleotide ATP. The latter is converted to the hydrolysis products ADP (D) and
inorganic phosphate (Pi) on the myosin active site and then sequentially released, coupled with structural changes.
Disturbances of the actin-myosin interaction occur in e.g. heart diseases, cancer and ageing. This has inspired drug
development but the efforts are hampered by limited understanding of the actin-myosin interaction. First, results of
studies using isolated actin and myosin in solution, often central in drug discovery, do not self-evidently report how a drug
affects force-generation by ordered actin-myosin ensembles. Second, the central process in actin-myosin force-generation
from attachment of myosin to actin, via Pi-release to the force-generating structural change, is poorly understood. Here, a
recent model [1] is expanded to help overcoming the challenges. The model integrates coarse-grain structural information
with elastic energies in the actomyosin-links and transition rates from biochemical studies. Predictions for actin-myosin
ensembles on different scales are derived by solving differential equations in state probabilities and by Monte-Carlo
simulations. The model approximates physiological properties of muscle e.g. maximum shortening velocity, maximum
isometric force and force response to stretch. Also the relationship between actin-concentration and ATP turnover rate is
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accounted for. Furthermore, hypotheses for the molecular mechanisms of action of two existing drugs yield predictions in
agreement with experiments. The results elucidate central aspects of force- and motion-generation by actin and myosin.
Furthermore, the prediction of ensemble behavior on basis of parameters from studies of isolated proteins will be of great
value in drug-discovery.
[1] A Månsson, Actomyosin based contraction: one mechanokinetic model from single molecules to muscle?, J. Muscle
Research Cell Motility, 37 (2016) 181-194.

Hypersensitive Optimal Control of Invasive Species
Angela Martiradonna
Istituto per le Applicazioni del Calcolo M. Picone
CNR, Bari, Italy
a.martiradonna@ba.iac.cnr.it

Effectively dealing with invasive species is a pervasive problem in environmental management. The damages, and
associated costs, that stem from invasive species are well known, as is the benefit from their removal. We investigate
problems where optimal control theory has been implemented, and we show that these problems can easily become
hypersensitive, making their numerical solutions unstable. We show that transforming these problems from state-adjoint
systems to state-control systems can provide useful insights into the system dynamics and simplify the numerics. We
apply these techniques to two case studies: one of feral cats in Australia, where we use logistic growth; and the other of
wild-boars in Italy, where we include an Allee effect. A further development is to optimize the control strategy by taking
into account the spatio-temporal features of the invasive species control problems over large and irregular environments.
The approach is used in a management scenario where the invasive species to be controlled with an optimal allocation
of resources is the deciduous tree Ailanthus Altissima, infesting the Alta Murgia National Park in the south of Italy.
This work has been carried out within the H2020 project ECOPOTENTIAL (http://www.ecopotential-project.eu),
coordinated by CNR-IGG. The project has received funding from the European Union’s Horizon 2020 research and
innovation programme (grant agreement No 641762).
The talk is based on collaborations with C.M. Baker, F. Casella, D. Lacitignola, F. Diele, C. Marangi.
[1] Baker C.M., Target the source: Optimal spatiotemporal resource allocation for invasive species control, Conservation
Letters, February 2016.
[2] Baker C.M., D. Lacitignola, F. Diele, C. Marangi, A. Martiradonna, Hypersensitive Optimal control of invasive species
through a dynamical systems approach , submitted.

Numerical bifurcation analysis of delay models for physiologically structured populations
Francesca Scarabel
Department of Mathematics and Statistics
University of Helsinki, Finland
francesca.scarabel@helsinki.fi

Physiologically structured populations are often described by mathematical models where a renewal equation for the birth
rate is coupled with a delay differential equation for the environmental variable. These equations generate dynamical
systems on an infinite-dimensional function space.
In order to study numerically the bifurcation properties when varying some parameters, we apply the pseudospectral
discretization technique to the infinite-dimensional system and obtain a finite-dimensional system of ordinary differential
equations. The discretized system is easy to write from the original equation and ensures high-accuracy approximations
with low system dimension, thanks to the spectral convergence properties of the approximation scheme. Finally, the
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bifurcation properties of the approximating system can be numerically studied with standard software for ODEs, with
no need of developing tailor-made software for delay equations.
This procedure has proved to be effective on systems with finite delay [1, 2] and has recently been extended to equations
with infinite delay. Numerical examples support the flexibility of the approach.
The talk is based on collaborations with Mats Gyllenberg (University of Helsinki, Finland) and Rossana Vermiglio (University of Udine, Italy).
[1] D. Breda, O. Diekmann, D. Liessi, F. Scarabel, Numerical bifurcation analysis of a class of nonlinear renewal equations,
Electronic Journal of Qualitative Theory of Differential Equations 65 (2016), 1–24.
[2] D. Breda, O. Diekmann, M. Gyllenberg, F. Scarabel, R. Vermiglio, Pseudospectral discretization of nonlinear delay
equations: new prospects for numerical bifurcation analysis, SIAM Journal on applied dynamical systems 15 (2016),
1–23.

Mathematical model of hormonal treatment of cancer under hormonal resistance

Simon Serovajsky
Department of differential equations and control theory
al-Farabi Kazakh National university, Almaty, Kazakhstan
serovajskys@mail.ru

There are certain forms of cancer associated with the action of hormones. The hormone therapy applies for this case.
However, the effect of hormonal treatment is only temporary because of the gradual habituation of cancer cells to the
action of hormones. The tumor cells consists of two types. There are sensitive and resistant cells to the action of
hormones. The resistant cancer cells substitute the sensitive cells by the hormonal treatment. Therefore, a further
development of the tumor is observed.
We propose the mathematical model of the hormonal resistance phenomenon. This model is based on the Volterra
competition model and one-phase Stephan problem. This is the system of partial differential equations
i
∂us
∂ 2 us h
as
= Ds
+
− bs (us + ur ) us + crs ur , 0 < x < ξ(t), t > 0;
2
θ
∂t
∂x
1 + f (t)us

i
∂ur
∂ 2 ur 
= Dr
+ ar − br (us + ur ) ur + csr us , 0 < x < ξ(t), t > 0;
2
∂t
∂x
where us and ur are the concentration of the sensitive and resistant cancer cells, Ds and Dr are its diffusion coefficients,
as and ar characterize its increase, bs and br take into account the limitations of the environment, csr and csr describe
the transformations of cells, f and θ determine the concentration of treatment and its effectiveness, and ξ describes the
size of the tumor. We suppose that the sensitive calls are more viable, if the treatment is not used. It is known also the
initial values the sensitive and resistant cancer cells, besides, the sensitive calls are prevailed. We suppose the source of
the tumor on the fixed left boundary, and the zero value of the cancer cells on the variable right boundary. We have
also the analogue of Stephan condition on the variable boundary The numerical analysis of the proposed mathematical
model is realized.
The talk is based on collaborations with D. Nurseitov and A. Azimov.
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Behaviour of many predators - one prey systems
Gunnar Söderbacka
Department of Mathematics
Åbo Akademi, Turku, Finland
gsoderba@abo.fi

Ecological modeling is becoming increasingly more important for all kinds of modern applications. The mathematical
language of dynamical systems has been applied since ancient times. In this talk we introduce and discuss some main
methods for studying dynamical systems, mainly for the analysis of nonlinear systems of many predators feeding on one
prey. We show how important results can be obtained by simple methods that are based on elementary mathematics.
We include both simple and different types of chaotic behaviour.Most models of predators and preys indicate cycles
where populations are becomming unrealisticly small. We point out that Deterministic Models are heavily criticised,
e.g. amongst Swedish specialists in stochastics. On the other hand, subarctic biologists confirm that predators are not
behaving stochasticly, but rather switching feeding between species. This leads to dynamical systems with switches, well
known in engineering applications. To conclude, we will also mention some challenging open problems in this subject.

The intrastromal correction of the cornea shape in keratoconus
Vladimir Yakushev
Institute for Computer Aided Design, Russian Academy of Sciences, Moscow, Russian Federation
yakushev@icad.org.ru

Keratoconus is eye disease in which the cornea takes a conical shape. Keratoconus can cause severe vision loss. There
are several methods for correcting the effects of the deformation of the cornea. One method of surgical correction of
the cornea shape utilizes a femtosecond laser cut of two semicircular microchannels in stroma with subsequent insert of
implants. The implants are two semicircular polymeric segments with radius greater than the radius of the prepared
channels. These flexible segments, inserted into the tunnels, tend to recover their original shapes, thereby stretching the
cornea and regularizing its refraction. Material of implants is generally polymethilmethacrylate. One of the unsolved
problems is customization of selection of segments and tunnels parameters based on individual topography of the cornea
for minimizing residual aberrations. The purpose of our research is to create a mechanical-mathematical computer model
capable to predict the deformation of the cornea and the impact of implants on the optical properties of the eye. To
analyze corneal deformation a numerical method was developed which allowed to simulate the mechanical parameters
and the corneal shape and hence its optical properties. To create geometric and mechanical model of the keratoconic
cornea and sclera the original finite element software package was used. Here we present a new finite element model of
the cornea deformations which can be used for this purpose. Analysis of the influence of ring segments implantations on
the optical properties of the eye was performed with use of the eye model and optical design software.
The talk is based on collaborations with N. Iroshnikov, A. Larichev (Lomonosov Moscow State University) and I. Nikitin
(Institute for Computer Aided Design, RAS).
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Approximation Theory and Special Functions - 4th Series
Organizers: O. Duman, E. Erkus-Duman
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Approximation by nonlinear integral operators with the help of summation methods

Ismail Aslan
Department of Mathematics, Hacettepe University, Ankara, Turkey
Dept. of Mathematics, TOBB University of Economics and Technology, Ankara, Turkey
ismail-aslan@hacettepe.edu.tr; iaslan@etu.edu.tr

We study the approximation properties of nonlinear integral operators of convolution-type introduced in [1] with the
help of a summability process which is a general convergence method introduced by Bell (see [2]). In the approximation
we use a semi-norm defined on the space of all periodic functions with bounded variation on an interval. We compute
rates of approximation and also discuss some special cases.
The talk is based on collaborations with Professor Oktay Duman.
[1] L. Angeloni and G. Vinti, Convergence in variation and rate of approximation for nonlinear integral operators of
convolution type, Result. Math. 49 (2006), 1-23.
[2] H. T. Bell, Order summability and almost convergence, Proc. Amer. Math. Soc. 38 (1973), 548-552.

Riesz Potential in the Local Morrey-Lorentz Spaces
Canay Aykol
Department of Mathematics, Ankara University, Turkey
aykol@science.ankara.edu.tr

In this study, the necessary and sufficient conditions are found for the boundedness of the Riesz potential Iα in the
loc
local Morrey-Lorentz spaces Mp,q;λ
(Rn ). This result is applied to the boundedness of particular operators such as the
fractional maximal operator, fractional Marcinkiewicz operator and fractional powers of some analytic semigroups on
loc
the local Morrey-Lorentz spaces Mp,q;λ
(Rn ).
The talk is based on collaborations with V.S.Guliyev, A. Kucukaslan and A. Serbetci.
[1] C. Aykol, V.S. Guliyev and A. Serbetci, Boundedness of the maximal operator in the local Morrey-Lorentz spaces,
Jour. Inequal. Appl., 2013, 2013:346.
[2] C. Bennett and R. Sharpley, Interpolation of Operators, Academic Press, Boston, 1988.
[3] A. Cianchi, R. Kerman, B. Opic, L. Pick, A sharp rearrangement inequality for the fractional maximal operator.
Studia Math., 138 (2000), 3, 277-284.
[4] N. Samko, Weighted Hardy and potential operators in Morrey spaces. Journal of Function Spaces and Applications
2012, DOI: 10.1155/2012/678171.
[5] Samko N. Weighted Hardy and singular operators in Morrey spaces. J. Math. Anal. Appl., 350 (2009) 56–72.

On statistical approximation properties of a genuine type (p, q)-Phillips operators
Matanat GAFARLI
Department of Mathematics, Faculty of Sciences
Gazi University, Ankara, Turkey
m.gafali13@gmail.com
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In this speech, we consider a genuine type modification of (p, q)-analoque of the Phillips operators given in [1,2]. Firstly,
we give the construction of these operators and general formula for calculating the test functions which will be used in
evoluating the moments of them. Then, we explore the local approximation theorems of a genuine (p, q)-Phillips operators.
Afterward, we establish a statistical weighted approximation theorem and find the statistical rate of convergence of them.
Furthermore, we study Voronovskaja type theorem and get direct results.
The talk is based on collaborations with Professor İsmet Yüksel.
[1] C. P. May, On Phillips operators, J. Approx. Theory 20 (4) (1977), 315–332.
[2] İ. Yüksel, Approximation by q− Phillips operators, Hacet. J. Math. Stat. 40 (2) (2011), 191–201.

Some convergence methods on pseudo linear operators

TURKAN YELIZ GOKCER
Dept. of Mathematics, TOBB University of Economics and Technology, Ankara, Turkey
y.gokcer@etu.edu.tr

We study approximation to a non-negative continuous function by means of pseudo linear operators including max-min
and max-product operators, where the concept of pseudo linearity weakens the usual linearity (see Bede et.al. [1]). In
the approximation, we consider not only the ordinary convergence but also some weaker convergence methods, such as
statistical convergence, arithmetic mean convergence, almost convergence (see [2,3]). Following these results we examine
the error estimation via the modulus of continuity. At the end of the presentation, we give some applications to indicate
why we need these operators.
The talk is based on collaborations with Professor Oktay Duman.
[1] B. Bede, H. Nobuharab, M. Dankova and A. Di Nola, Approximation by pseudo-linear operators, Fuzzy Sets and
Systems 159 (2008), 804-820.
[2] O. Duman, Statistical convergence of max-product approximating operators, Turkish J. Math. 34 (2010), 501-514.
[3] T. Y. Gokcer and O. Duman, Summation process by max-product operators, In Computational Analysis, Springer
Proc. Math. Stat. 155 (2016), 59-67.

Approximation by generalized Bleimann-Butzer-Hahn operators of max-product kind

SULE YUKSEL GUNGOR
Department of Mathematics, Gazi University, Ankara, Turkey
sulegungor@gazi.edu.tr

The nonlinear Bleimann-Butzer-Hahn operators of max-product kind proposed in [2] and studied intensively in [1]. We
give a generalization of these operators which are constructed using the sequences of positive real numbers and we obtain
a quantitative type theorem for these operators.
The talk is based on collaborations with Professor Nurhayat İspir.
[1] B. Bede, L. Coroianu and S. G. Gal, Approximation and shape pre- serving properties of the nonlinear BleimannButzer-Hahn operators of max-product kind, Comment. Math. Univ. Carolin. 51 (3) (2010), 397- 415.
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[2] S. G. Gal, Shape-preserving approximation by real and complex poly- nomials, Birkhäuser, Boston-Basel-Berlin, 2008.

Weighted approximation by q-Ibragimov-Gadjiev operators

SERAP HERDEM
Department of Mechanical Engineering, Piri Reis University, İstanbul, Turkey
Department of Mathematics, Ankara University, Ankara, Turkey
skaya@pirireis.edu.tr

The weighted approximation of continuous functions by q-Ibragimov-Gadjiev operators introduced in [3] is studied. In
addition, rate of approximation of these operators is obtained with the help of the weighted modulus of continuity
introduced by Gadjiev (see[1,2]).
The talk is based on collaborations with Professor İbrahim Büyükyazıcı.
[1] A. D. Gadjiev, The convergence problem for a sequence of positive linear operators on unbounded sets and theorems
analogous to that of P.P. Korovkin, Soviet Math. Dokl. 15 (1974), 1433-1436.
[2] A. D. Gadjiev, On P. P. Korovkin’s theorems, Math. Z. 20 (5) (1976), 781-786.
[3] S. Herdem and İ. Büyükyazıcı, Ibragimov-Gadjiev Operators based on q-integers, Submitted for publication, 2017.

Extended multivariable hypergeometric functions

DURIYE KORKMAZ-DUZGUN
Department of Mathematics, Gazi University, Ankara, Turkey
dgkorkmaz@gazi.edu.tr; dryekorkmaz@gmail.com

In this paper, we introduce extension of multivariable hypergeometric functions by using similar method in [1,2]. Then,
we obtain some generating functions for these functions. Furthermore, we derive various families of multilinear and
multilateral generating functions for extended multivariable hypergeometric functions and their special cases are also
given.
The talk is based on collaborations with Professor Esra Erkus-Duman.
[1] M. A. Chaudhry, A. Qadir, H. M. Srivastava and R. B. Paris, Extended hypergeometric and confluent hypergeometric
functions, Appl. Math. Comput. 159 (2004), 589-602.
[2] H. M. Srivastava, R. K. Parmar and F. Chopra, A class of extended fractional derivative operators and associated
generating relations involving hypergeometric functions, Axioms 1 (2012), 238-258.

Approximation of solutions to time dependent multidimensional Schrödinger equations
Flavia Lanzara
Department of Mathematics, University of Rome ”La Sapienza”, Italy
lanzara@mat.uniroma1.it
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We present a fast method for high-order approximation of the solution of the Cauchy problem for the multidimensional
Schrödinger equation of free particles:

i

∂u
+ ∆x u = f (x, t) ,
∂t

u(x, 0) = g(x)

(1)

Here u = u(x, t) is the wave function depending on the spatial variables x = (x1 , ..., xn ) ∈ Rn and the time t ∈ R. We
suppose that f and g are supported with respect to x in a hyper-rectangle [P, Q] = {x ∈ Rn : Pj ≤ xj ≤ Qj , j = 1, ..., n},
f ∈ C N ([P, Q] × R) and g ∈ C N ([P, Q]).
Our method consists in approximating the functions f and g via the generating functions introduced in the method
of approximate approximations (cf. [1]), which are product of Gaussians and special polynomials. This approach,
combined with separated representations of the data, makes our method effective also in high dimensions because
only one-dimensional operations are used. Similar to other integral operators of potential theory, we obtain high-order
approximations also in higher dimensions up to a small saturation error, which is negligible in computations. We illustrate
the efficiency of the method on several examples, up to approximation order 6 and space dimension 200.
The talk is based on a joint work with Vladimir Maz’ya (Linköping University, Sweden) and Gunther Schmidt (WIAS,
Berlin, Germany).
[1] V. Maz’ya, G. Schmidt, Approximate Approximations, AMS (2007).

Generalized Kantorovich operators on convex compact subsets and their application to
evolution problems

Vita Leonessa
Department of Mathematics, Computer Science and Economics
University of Basilicata, Potenza, Italy
vita.leonessa@unibas.it

In this talk, we present some recent results concerning a new sequence (Cn )n≥1 of positive linear operators acting on
function spaces defined on a convex compact subset K of some locally convex Hausdorff space.
Their construction involves a Markov operator T : C(K) → C(K), a real number a ≥ 0, and a sequence (µn )n≥1 of
probability Borel measures on K. For particular choices of such parameters, operators Cn turn into some known sequence
of operators (e.g., Kantorovich operators on the unit interval and the multidimensional hypercube and simplex, together
with several of their wide-ranging generalizations scattered in the literature).
We study the approximation properties of Cn ’s by also stating some estimates of the rate of convergence. Moreover, we
discuss some conditions under which operators Cn preserve Lipschitz-continuity and convexity.
We also investigate whether, and for which class of evolution problems, the operators Cn can be useful in approximating
the relevant solutions.
[1] F. Altomare, M. Cappelletti Montano, V.L., and I. Raşa., A generalization of Kantorovich operators for convex
compact subsets, Banach J. Math. Anal., http://dx.doi.org/10.1215/17358787-2010-0008.
[2] F. Altomare, M. Cappelletti Montano, V.L., and I. Raşa., Elliptic differential operators and positive semigroups
associated with generalized Kantorovich operators, submitted.
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Approximation by Jain type Szasz-Durrmeyer operators to Bögel continuous functions

NESIBE MANAV
Department of Mathematics, Gazi University, Ankara, Turkey
nmanav@gazi.edu.tr; nsbmnv@gmail.com

In this study, we introduce a bivariate generalization of summation-integral type operators based on Lupaş-Jain type
bases functions [1,2]. We study its converges properties in terms of modulus of continuity and K-functional and give its
degree of approximation. Also, we define a Generalized Boolean Sum (GBS) operators associated with these bivariate
Jain type Szasz-Durrmeyer operators and investigate some smoothness properties for these GBS operators. We give
some illustrations about convergence of the operators to certain functions by means of graphics.
The talk is based on collaborations with Professor Nurhayat Ispir.
[1] O. Agratini, On a sequence of linear and positive operators, Facta Univ. Ser. Math. Inform. 14 (1999), 41-48.
[2] G. C. Jain, Approximation of functions by a new class of linear positive operators, J. Aust. Math. Soc., 13 (3)
(1972) 271-276.

On the generalized Sylvester polynomials

NEJLA ÖZMEN
Department of Mathematics, Düzce University, Düzce, Turkey
nejlaozmen06@gmail.com

In this study, we give new properties of the generalized Sylvester polynomials by using similar approach in [1,2,3].
Various families of multilinear, multilateral generating functions, some special cases and recurrence relations for thqese
polynomials are obtained. In addition, we derive a theorem giving certain families of bilateral generating functions for
the generalized Sylvester polynomials and the generalized Lauricella functions. Finally, we get several results of this
theorem.
The talk is based on collaborations with Professor Esra Erkus-Duman.
[1] S.-J. Liu, S.-D. Lin, H. M. Srivastava and M.-M. Wong, Bilateral generating functions for the Erkus-Srivastava
polynomials and the generalized Lauricella functions, Appl. Math. Comput. 218 (2012), 7685-7693.
[2] N. Özmen and E. Erkuş-Duman, Some families of generating functions for the generalized Cesáro polynomials, J.
Comput. Anal. Appl. (accepted for publication).
[3] N. Özmen and E. Erkuş-Duman, Some results for a family of multivariable polynomials, AIP Conf. Proc., 1558
(2013), 1124-1127.
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Approximation by Positive Linear Operators in Modular Spaces by Power Series Method

EMRE TAŞ
Department of Mathematics, Ahi Evran University, Kırşehir, Turkey
emretas86@hotmail.com

In the present paper, we study the problem of approximation to a function by means of positive linear operators in
modular spaces in the sense of power series method. Indeed, in order to get stronger results than the classical cases, we
use the power series method which also includes both Abel and Borel methods. An application that satisfies our theorem
is also provided.
This work was supported by the Ahi Evran University Scientific Research Projects Coordination Unit. Project Number:
FEF.A3.16.033
The talk is based on collaborations with Dr. Tuğba Yurdakadim.
[1] C. Bardaro and I. Mantellini, Approximation properties in abstract modular spaces for a class of general sampling-type
operators, Appl. Anal. 85 (2006), 383-413.
[2] T. Yurdakadim, Some Korovkin type results via power series method in modular spaces, Commun. Fac. Sci. Univ.
Ank. Ser. A1 Math. Stat. 65 (2016), 65-76.

Neural network approximation in summation process

CAN TURKUN
Dept. of Mathematics, TOBB University of Economics and Technology, Ankara, Turkey
cturkun@etu.edu.tr

In this paper, we investigate approximation properties of some neural network operators, Cardaliaguet-Euvrard and
“squashing” operators, introduced in [1,2] by using Bell’s summability process (see [3]). It is well known that the Fourier
series of a continous function does not necessarily converge to the function; however its Cesàro summation (also a
Bell-type method) does. We discuss a similar approach for these operators.
The talk is based on collaborations with Professor Oktay Duman
[1] G. A. Anastassiou, Rate of convergence of some neural network operators to the unit-univariate case, J. Math. Anal.
Appl. 212 (1997), 237-262.
[2] G. A. Anastassiou, Rate of convergence of some neural network operators to the unit-univariate case, revisited, Mat.
Vesnik 65 (2013), 511-518.
[3] H. T. Bell, Order summability and almost convergence, Proc. Amer. Math. Soc. 38 (1973), 548-552.
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On singular double integrals equipped with summation

GUMRAH UYSAL
Department of Computer Technologies, Karabuk University, Turkey
guysal@karabuk.edu.tr

In this study, we prove the pointwise convergence of the two dimensional analogues of the operators studied by Almali
[1] at some characteristic points of locally integrable functions. Basically, we follow the lines of Gadjiev [2] and Taberski
[3]. Also, we compute the corresponding rate of convergence.
The talk is based on collaborations with Sevgi Esen Almali. This research has been supported by Karabük University
Scientific Research Projects Coordination Unit (Project Number: KBÜBAP-17-YD-29, 2017). We would like to thank
Karabük University.
[1] S. E. Almali, On approximation properties for non-linear integral operators, arXiv:1702.04190v1 (2017), 1-7.
[2] A. D. Gadjiev, The order of convergence of singular integrals which depend on two parameters, Special problems of
functional analysis and their applications to the theory of differential equations and the theory of functions, lzdat. Akad.
Nauk Azerbaldan, SSR, Baku, (1968), 40-44.
[3] R. Taberski, On double integrals and Fourier series, Ann. Polon. Math. 15 (1964), 97-115.

Approximation properties of Durrmeyer type Bernstein operators based on (p, q)-integers with
two variables

Tuba Vedi-Dilek
Department of Applied Sciences, University of Kyrenia (Girne), Turkey
tuba.vedi@kyrenia.edu.tr

In this paper, the Durrmeyer type Bernstein operators based on (p, q)-integers with two variables are defined. Firstly, few
moments of these operators are calculated. Then, we prove Korovkin-type approximation theorems in different function
spaces. Moreover, we compute the error of approximation by using modulus of continuity and Lipschitz-type functionals.
Additionally, generalization of the Durrmeyer type Bernstein operators based on (p, q)-integers with two variables are
given. Finally, numerical results of these operators are presented in detail.

On statistical approximation properties of a generalization of Gamma type operators on
(p, q)-integer
Ismet Yuksel
Department of Mathematics, Faculty of Sciences
Gazi University, Ankara, Turkey
iyuksel@gazi.edu.tr

In this presentation, we introduce a genuine type of a (p, q)-generalization of Gamma operators given in [1,2]. After
some lemmas and theorems related with test functions and moments of these operators are obtained, we study on the
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operators in a weighted space of functions and find the rate of these convergences using weighted modulus of continuity.
At last, we estimate Voronovskaja type theorem and analyze statistical convergence.
The talk is based on collaborations with Ph.D Student Matanat Gafarli.
[1] H. Karsli, Rate of convergence of new Gamma type operators for functions with derivatives variation, Math. Comput.
Modelling, 45 (2007) 617-624.
[2] C. Zhao, W.-T. Cheng and X. M. Zeng, Some approximation properties of a kind of q-Gamma-Stancu operators, J.
Ineq. Appl., 94 (2014) 13 pp.

Generalized Limits in the view of B-Statistical Convergence

TUĞBA YURDAKADIM
Department of Mathematics, Hitit University, Çorum, Turkey
tugbayurdakadim@hotmail.com

Let m be the space of bounded real sequences. Banach has shown that there exists positive linear regular functionals
on m such that they are invariant under shift operator. It has also been shown that there exists positive linear regular functionals L on m such that L(χK ) = 0 for every characteristic sequence χK of sets, K, of natural density zero.
The comparison of such functionals and some applications have been provided. In this paper we define SB -limits and
B-Banach limits where B is a sequence of infinite matrices. It is clear that if B = (A) then these definitions reduce to
SA -limits and A-Banach limits. We also show that the sets of all SB -limits and Banach limits are distinct but they have
common functionals.

The talk is based on collaborations with Dr. Emre Taş. This paper was supported by the department of Scientific Research
Projects of Hitit University. Project No: 19008
[1] A. R. Freedman, Generalized limits and sequence spaces, Bull. London Math. Soc. 13 (1981), 224-228.
[2] M. Jerison, The set of all generalized limits of bounded sequences, Canad. J. Math. 9 (1957), 79-89.
[3] T. Yurdakadim, M. K. Khan, H. I. Miller and C. Orhan, Generalized limits and statistical convergence, Mediterr. J.
Math. 13 (2016), 1135-1149.
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Complex analysis and convex optimization and their
applications in wave physics
Organizers: S. Nordebo, Y. Ivanenko
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Application of perturbation theory to the Frequency Response Analysis of large electrical
machines
Dierk Bormann
Department Power Technologies
ABB Corporate Research, Västerås, Sweden
dierk.bormann@se.abb.com

The so-called “Frequency Response Analysis” (FRA) is a presently very popular diagnostic method for testing the
mechanical integrity of windings in large power transformers, reactors, and rotating electrical machines. In this talk I
will use spectral perturbation theory to perform a sensitivity analysis of FRA. I will show that there is a simple relation
between changes of the resonant energy associated to different eigenmodes of the system and changes of the characteristic
resonant frequencies in the response functions measured within FRA, and I will discuss practical applications of this
relation. Furthermore, I will also investigate the usefulness of “time-dependent” perturbation theory (i.e., perturbation
theory of the resolvent) in this context.

Absorption and plasmonic resonances for small ellipsoidal particles in lossy media
Mariana Dalarsson
Department of Physics and Electrical Engineering
Linnæus University, Växjö, Sweden
mariana.dalarsson@lnu.se

A new formula is derived for the absorption cross section of small dielectric ellipsoidal particles embedded in lossy media
[1]. The derived expression leads directly to a closed form solution for the optimal conjugate match with respect to
the surrounding medium, i.e., the optimal permittivity of the ellipsoidal particle that maximizes the absorption at any
given frequency. This defines the optimal plasmonic resonance for the ellipsoid. The conjugate match represents a
metamaterial since the corresponding optimal permittivity function can have a negative real part (inductive properties).
A necessary and sufficient condition is derived for tuning the Drude model to the optimal conjugate match at a single
frequency, and it is found that all the prolate spheroids and some of the (not too flat) oblate spheroids can be tuned
into optimal plasmonic resonance at any desired center frequency. Except for the general understanding of plasmonic
resonances in lossy media, it is also anticipated that the new results can be useful for feasibility studies with e.g., cancer
treatment based on electrophoretic heating in gold nanoparticle suspensions using microwave radiation [2].
The talk is based on collaborations with Sven Nordebo (Linnaeus University, Sweden), Daniel Sjöberg (Lund University,
Sweden) and Richard Bayford (Middlesex University, United Kingdom).
[1] M. Dalarsson, S. Nordebo, D. Sjöberg, and R. Bayford, On the physical limitations for radio frequency absorption in
gold nanoparticle suspensions, arXiv:1703.07605v2 [physics.class-ph] (2017).
[2] E. Sassaroli, K. C. P. Li, and B. E. O’Neil, Radio frequency absorption in gold nanoparticle suspensions: a phenomenological study, Journal of Physics D: Applied Physics 45 (2012), 1-15.

Application of Herglotz-Nevanlinna functions to a multiconductor transmission line model
based on Green’s functions.
Maria De Lauretis
Department of Computer Science, Electrical and Space Engineering
Luleå University of Technology, Sweden
maria.de.lauretis@ltu.se
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Several Multiconductor Transmission Line models (MTLs) are found in literature. They should be passive in order to
have physical meaning because transmission lines are passive circuit elements. However, passivity by construction is not
always guaranteed for all models. The authors have recently proposed a Rational Green’s-function-based model called
Delay-RaG or ”DeRaG” where the line delay is explicitly included [1]. The transmission line is described in the Laplace
domain by the matrix impedance
m̂
X
Rm
+
H(s)
Z(s) =
(2)
s
− pm
| {z }
m=1
Hyperbolic functions

where Rm and pm are suitable residues and poles computed as described in [1]. The summation takes into account the low
frequency behavior of the line, whereas the infinite behavior is retained by virtue of hyperbolic functions that read as coth
and csch functions. They also account for the lossless time delay associated with each conductor. In the time domain,
it has been proven that the hyperbolic functions read as Dirac Combs. In this paper, we discuss the passivity of the
hyperbolic part. In particular, in the Laplace domain, the hyperbolic functions read as Herglotz-Nevanlinna functions,
therefore they are positive-real. We conclude that the hyperbolic part of the impedance is passive by construction. Some
considerations are made about the positive-realness property of the matrix impedance and its state-space realization.
The talk is based on collaborations with PhD Elena Miroshnikova.
[1] De Lauretis, M., Antonini, G. and Ekman, J., A delay-rational model of lossy multiconductor transmission lines with
frequency-independent per-unit length parameters, IEEE Transactions on Electromagnetic Compatibility, 57, 1235–1245,
Oct. 2015.

Herglotz functions, sum rules, and fundamental limitations on electromagnetic systems
Mats Gustafsson
Department of Electrical and Information Technology
Lund University, Sweden
mats.gustafsson@eit.lth.se

An overview of the use of Herglotz functions to derive physical bounds on passive electromagnetic systems is presented.
The bounds are derived by identification of a passive system, representation of the system with a Herglotz function, and
using integral identities (sum rules) to limit the dynamic response with its low and high-frequency asymptotic expansion.
These types of identities and limits are of great interest in many areas of physics and engineering. They also provide
insight into the relationship between design parameters. We analyze and present physical bounds for; radar absorbers,
temporal dispersion of metamaterials, extraordinary transmission, and antennas. We also compare the theoretical results
with state of the art designs.

Passive approximation and optimization with B-splines
Yevhen Ivanenko
Department of Physics and Electrical Engineering, Faculty of Technology
Linnæus University, Växjö, Sweden
yevhen.ivanenko@lnu.se

This contribution gives a report on the ongoing research on approximation and optimization of passive electromagnetic
systems with Herglotz functions on the real line, B-splines and convex optimization. It is a complement framework to
the convex optimization approach for optimal realization of passive structures developed in [1]. The aim of this research
is to employ the general B-spline approximation through investigation of the Hilbert transform of B-splines for uniform
and non-uniform discretizations to reduce the error of approximation of continuous linear causal system over a finite
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interval and investigate its realizability. This complement based on B-splines allows also to improve the estimation of
physical limitations of passive systems [1, 2] using the sum rule expression
Z
2 ∞ =h(ω)
dω = a2n−1 − b2n−1 .
(3)
π 0+ ω 2n
Here, h(ω) is the Herglotz function, ω ∈ R the frequency variable (rad/s), a2n−1 and b2n−1 are the low- and highfrequency asymptotic parameters of the corresponding Herglotz function, respectively, n = 1 − N∞ , ..., N0 , where N0 and
N∞ are non-negative integers and where 1 − N∞ ≤ N0 .
In this presentation, two numerical examples are going to be considered. The first example is related to approximation
and passive realization of lossy metamaterials over a given finite frequency bandwidth. In the second example, passive
approximation and optimization are used to identify a dispersion model that fits the dielectric response of high-voltage
insulation material.
[1] Sven Nordebo, Mats Gustafsson, Börje Nilsson and Daniel Sjöberg, Optimal realizations of passive structures, IEEE
Trans. Antennas Propagat., 62(9) (2014), 4686-4694.
[2] Mats Gustafsson and Daniel Sjöberg, Sum rules and physical bounds on passive metamaterials, New Journal of Physics
12 (2010), 043046.

Moment problems and optimization: A global-analysis approach to problems with rationality
constraints
Anders Lindquist
Shanghai Jiaotong University and KTH
alq@kth.se

Moment problems are ubiquitous throughout engineering and science and have had a profound impact on the development
of modern mathematical analysis. Power moments of probability measures play an important role in statistical modeling
and in its application to information theory, communications, signals and systems. Applications of the trigonometric
moment problem to systems and control also have a long and fruitful history, including the rational covariance extension
problem. Analytic interpolation problems are an important class of moment problems with applications to circuit theory,
power systems, robust control, signal processing, spectral estimation, model reduction, and stochastic realization theory.
A common feature arising in many engineering applications is that the desired solution needs to be a rational positive
measure of a bounded degree, reflecting its implementability by a finite dimensional device. These moment problems
are typically underdetermined and give rise to families of particular solutions, and finding a solution that also satisfies
a natural optimality criterion or design specification is an important general problem. While this nonclassical version
of the moment problem is decidedly nonlinear, there exists a natural, universal family of strictly convex optimization
criteria defined on the convex set of particular solutions. Taking a global-analysis approach, where one studies the family
of solutions as a whole, provides a powerful paradigm for smoothly parameterizing, comparing and shaping the solutions
based on various additional design criteria. It also enables us to establish the smooth dependence of solutions on problem
data, thereby facilitating tuning of solutions. It also provides a generalization of the generalized interpolation results of
Sarason.

Fundamental bound on extraordinary transmission through periodically perforated screens
Andrei Ludvig-Osipov
Department of Electromagnetic Theory
KTH Royal Institute of Technology, Stockholm, Sweden
osipov@kth.se
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Fundamental bound for bandwidth of transmission through perforated metal screens is constituted in the form of an
integral identity and validated by measurements and numerical simulations. We consider a transmission of a planar
electromagnetic wave through a thin metal screen with periodic perforations. The fundamental bound imposes that the
total transmission bandwidth is proportional to a static polarizability of the screen. Using this we show that extraordinary
transmission (i.e. transmission greater than the non-metal fraction of the screen area) is present in particular frequency
bands for any periodically perforated screen. We also illustrate how the bound facilitates design and optimization of
frequency selective arrays.
The talk is based on collaborations with Johan Lundgren, Casimir Ehrenborg, Mats Gustafsson, Daniel Sjöberg, Andreas Ericsson (Lund University), Yevhen Ivanenko (Linnæus University) and B.L.G. Jonsson (KTH Royal Insitute of
Technology).

An integral representation for Herglotz-Nevanlinna functions in several variables and its
consequences
Mitja Nedic
Department of Mathematics
Stockholm University, Sweden
mitja@math.su.se

Herglotz-Nevanlinna functions are holomorphic functions defined in the poly-upper half-plane having non-negative imaginary part. When considering the case of one complex variable, this is an old topic that has first been considered by
Herglotz, Nevanlinna, Pick and others around 100 years ago. Partial results for the several variable case have been known
since the 1970s, but no complete characterization of thic class of functions has been given before now.
In this talk, we will first present a complete characterization of the class of Herglotz-Nevanlinna functions in several
variables via an integral representation involving a real constant, a liner part, a given integral kernel and a positive Borel
measure. Afterwards, consequences of this integral representations will be investigated, focusing mainly on the class of
boundary measures of Herglotz-Nevanlinna functions.
The talk is based on collaborations with Annemarie Luger.
[1] Annemarie Luger, Mitja Nedic, A characterization of Herglotz-Nevanlinna functions in two variables via integral
representations, arXiv: 1605. 06232v2.
[2] Annemarie Luger, Mitja Nedic, An integral representation for Herglotz-Nevanlinna functions in several variables,
Research reports in mathematics, 2017-1.

Ultradistributions and generalized Herglotz-Nevanlinna functions
Börje Nilsson
Department of Mathematics
Linnæus University, Växjö, Sweden
Borje.Nilsson@Lnu.se

Herglotz-Nevanlinna functions map analytically the open upper complex half-plane to the closed one. They represent
naturally passive time-translationally invariant linear systems. Generalizations of these functions are investigated in the
talk as representations of causal rather than passive systems recalling that passivity implies causality. A basis for the
investigation is the definition [1,2] stating that an ultradistribution u(t) is said to be zero in the Jones’ sense for t < a,

28

if for some real d, u(t) = v(t + id), where v(t) is a tempered distribution with v(t) = 0 for t < a. The characterization
[1] of the Fourier-Laplace transform U (ω) of u(t) is reviewed and discussed as a generalization of Herglotz-Nevanlinna
functions. U (ω) may have exponential growth modelling unstable systems. A further generalization of causality in the
frequency domain is proposed to cover the case when stable and unstable waves interact.
The talk is based on collaborations with Professors Sven Nordebo and Joachim Toft.
[1] D. S. Jones, J. D. Morgan, A linear model of a finite amplitude Helmholtz instability, Proceedings of the Royal Society
of London: A Mathematical, Physical and Engineering Sciences 338(1612), (1974), 17-41.
[2] D. S. Jones, The theory of generalized functions, Cambridge Univ. Press (1982).

Semi-infinite moment constraints for Stieltjes functions with applications in homogenization
theory
Sven Nordebo
Department of Physics and Electrical Engineering
Linnæus University, Växjö, Sweden
sven.nordebo@lnu.se

Consider the following Stieltjes function [1] representation
1

Z
p(s) = 1 +
0

dµ(ξ)
,
ξ−s

(4)

where dµ(ξ) is a finite positive Borel measure and s ∈ C a parameter, s ∈
/ [0, 1]. A typical application is with the
homogenization of a random media consisting of two phases with dielectric constants 1 and 2 , and where p(s) = ∗ /1
denotes the effective dielectric parameter, and s = 1/(1 − h) where h = 2 /1 , see [2]. We consider the bounds on p(s)
subjected to the moment constraints
Z 1
ξ i dµ(ξ) = µ(i) ,
i = 0, . . . , m − 1,
(5)
0

where µ(i) are given, and we study their interpretation in the context of semi-infinite linear programming [3]. In
particular, Carathéodory’s theorem [3] provides a prominent dimensionality result regarding the generation of convex
cones in Rn , that facilitate a finite-dimensional implementation of the constraints in (5). In this contribution, we review
the mathematical basis of semi-infinite linear programming and discuss its applicability in homogenization theory.
[1] I. S. Kac and M. G. Krein. R-functions - Analytic functions mapping the upper halfplane into itself. Am. Math. Soc.
Transl., 103(2) (1974), 1–18.
[2] K. Golden and G. Papanicolaou. Bounds for effective parameters of heterogeneous media by analytic continuation.
Communications in Mathematical Physics, 90 (1983), 473–491.
[3] E. J. Anderson and P. Nash. Linear programming in infinite-dimensional spaces. John Wiley & Sons, Ltd. (1987).

Physical Bounds and Convex Optimization Approximations for Electromagnetically Functional
Surfaces
Daniel Sjöberg
Department of Electrical and Information Technology
Lund University, Sweden
daniel.sjoberg@eit.lth.se
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An electromagnetically functional surface is typically realized as a periodic structure in the xy-plane with finite extent
in the z-direction, providing functionality such as absorption, frequency or polarization selectivity, artificial magnetic
conductivity etc. By controlling the microstructure or the temporal dispersion of the materials, the electromagnetic
functionality can be controlled. The reflection or transmission coefficient of the structure can be associated with a
Herglotz function, whose asymptotic values in the low and high frequency limit represent physical constraints such as the
total thickness of the structure. Using the analyticity of Herglotz functions, sum rules and physical bounds restricting
the electromagnetic functionality in terms of asymptotic values can be derived under some restrictions, which can be
relaxed by considering convex optimization approximations based on an integral representation of Herglotz functions.
The results can be used to characterize the maximum bandwidth obtainable for a certain thickness of the structure.
The talk is based on collaborations with Mats Gustafsson and Sven Nordebo.

30
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On a ψ−weighted Cauchy-Riemann type operator in the complex plane
Eusebio Ariza
Department of Mathematics
Yachay Tech University
eariza@yachaytech.edu.ec

In this talk we introduce a non-constant weighted Cauchy-Riemann type operator in the complex plane, where the
weights depend on the complex variable z. We construct a fundamental solution for this operator inspired by the
idea for the construction of the Levi function proposed by Miranda in the Clifford algebras framework. Therefore, a
Cauchy-Pompeiu type integral representation formula is also discussed. We present some examples of this modified
Cauchy-Riemann operator obtained with different weights, in particular, we exhibit the fact that this operator is a
generalization of the classical Cauchy-Riemann Operator in the complex plane.
The talk is based on collaborations with Antonio Di Teodoro and Zuly Salinas.
[1] H. Begehr, Boundary value problems in complex analysis I, Boletı́n de la Asociación Matemática Venezolana 1 (2005),
65–85.
[2] C. Miranda, Partial differential equations of elliptic type, Springer-Verlag, Berlin, 1970.
[3] W. Tutschke and C. J. Vanegas, Métodos del análisis complejo en dimensiones superiores, Ediciones IVIC, Caracas,
2008.

Robin problem for Poisson equation
Heinrich Begehr
Mathematics Institute, Department of Mathematics and Informatics
Free University Berlin, Germany
begehrhzedat.fu-berlin.de

The two basic boundary value problems for the Poisson equation are the Dirichlet and the Neumann problems. Their
related fundamental solutions are the harmonic Green G1 (z, ζ) and Neumann N1 (z, ζ) functions. A linear combination of
these two boundary value problems is the Robin problem. The related fundamental solution, the modified Robin function
R1;α,β (ζ, z), can be chosen as an interpolation between the Green and the Neumann functions. For plane domains this
is done in [1] with complex notation. While the Dirichlet problem is unconditionally solvable this is in general not the
case for the other ones. In explicit form, however, this was shown only for particular domains like the unit disc. In
[2] the solvability condition is given for any admissible plane domain. However, the formulation of the Robin boundary
condition in a proper way is not so obvious as one might believe when looking at the case of the unit disc. As an example
an elliptic ring domain, bounded by two confocal ellipses, serves, see [3].
The talk is based on collaboration with Saule Burgumbayeva and Bibinur Shupeyeva.
[1] H. Begehr, T. Vaitekhovich, Modified harmonic Robin functions. Complex Var. Elliptic Eqs. 58 (2013), 483–496.
[2] H. Begehr, S. Burgumbayeva, B. Shupeyeva. Remark on Robin problem for Poisson equation. Complex Var. Elliptic
Eqs., to appear, doi.org/10.1080/17476933.2017.1303052.
[3] H. Begehr. Fundamental solutions to the Laplacian in plane domains bounded by ellipses. In: Mathematics and
Computing, 3rd Intern. Conf., ICMC 2017, Haldia, India, January 2017, Proc., D. Giri, R.N. Mohapatra, H. Begehr,
M.S. Obaidat (eds.). Communications in Computer and Information Science 655, Springer, Singapore, 2017, 293–311.
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The problem of integral geometry of Volterra type
Akram Begmatov
Department of Differential Equation, Faculty of Mechanics and Mathematics
Samarkand State University, Samarkand City, Uzbekistan
akrambegmatov@mail.ru

We study a new problem of reconstruction of a function in a strip from their given integrals with known weight function
along polygonal lines. We obtain two simple inversion formulas for the solution to the problem. We prove uniqueness and
existence theorems for solutions and obtain stability estimates of a solution to the problem in Sobolevs spaces and thus
show their weak ill-posedness. Then we consider integral geometry problems with perturbation. The uniqueness theorems
are proved and stability estimates of solutions in Sobolev spaces are obtained. The given results are continuation of our
research [1-5].
[1] Akram Kh. Begmatov, Weakly ill-posed Volterra-type problems of integral geometry, Doklady Mathematics 54:1
(1996), 536-537.
[2] Akram Kh. Begmatov, Problems of integral geometry for special curves and surfaces with singularities in vertices,
Doklady Mathematics 57:1 (1998), 117-118.
[3] Akram Kh. Begmatov, Two new classes of problems in integral geometry, Doklady Mathematics 57:3 (1998), 427429.
[4] Akram Kh. Begmatov, Z. Kh. Ochilov, Integral geometry problem with a discontinuous weight function, Doklady
Mathematics 80:3 (2009), 823-825.
[5] Akram. H. Begmatov, M. E. Muminov, Z. KH. Ochilov, The problem of integral geometry of Volterra type with a
weight function of a special type, Journal Mathematics and Statistics 3(5) (2015), 113-120.

Dirichlet type boundary value problems in polydiscs

A. Okay Celebi
Department of Mathematics, Faculty of Arts and Sciences
University of Yeditepe, Istanbul, Turkey
acelebi@yeditepe.edu.tr

In this presentation, we consider the Riquier problem for polyharmonic equations defined in the unit polydisc of Cn . This
is a Dirichlet type boundary value problem for higher order linear complex differential equations with a polyharmonic
leading term. After deriving a Green’s function, we present the solution for a model equation with homogeneous
boundary conditions. Afterwards we have converted the differential equation into a singular integral equation and
employed Fredholm theory to obtain the solution of the linear equation for Riquier boundary value problem on a unit
polydisc in C2 .

Some applications of the theory of conjugate differential forms
Alberto Cialdea
Department of Mathematics, Computer Science and Economics
University of Basilicata, Potenza, Italy
cialdea@email.it
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Two (homogeneous) differential forms u and v are said to be conjugate if du = δv, δu = 0, dv = 0, where d and δ denote
the differential and the co-differential operators respectively.
Conjugate forms extend to n real variables the concept of holomorphic function of one complex variable. Moreover,
solutions of the Moisil-Theodorescu system and Fueter system can be considered as very particular cases of conjugate
differential forms in R3 and in R4 , respectively; an example in Rn is given by harmonic vectors, i.e. vectors (w1 , . . . , wn )
such that div(w1 , . . . , wn ) = 0 and curl(w1 , . . . , wn ) = 0 or, more generally, closed and co-closed differential forms.
The aim of the present talk is to survey recent results we have obtained for conjugate differential forms and - more
generally - for self-conjugate differential forms (i.e. non-homogeneous differential forms U such that dU = δU ). In
particular applications of the theory of such forms to Laplace series and to some boundary value problems will be
presented.

A Bitsadze-Samarsky boundary condition for the elliptic-parabolic volume potential
Tynysbek Sh. Kalmenov
Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
kalmenov@math.kz

In this talk an integral representation of elliptic-parabolic volume potential is discussed, and then using boundary
conditions of heat and Newtonian potentials we find the Bitsadze-Samarsky boundary condition for the considered
volume potential.
The talk is partially based on ideas of the papers [1] and [2].
[1] T.Sh. Kal’menov and M. Otelbaev. Boundary criterion for integral operators. Dok. Math., 93 (2016), 58-61.
[2] T. Sh. Kal’menov and D. Suragan. To spectral problems for the volume potential , Dok. Math., 80 (2009), 646-649.

Certain boundary-value problems for Beltrami equations on non-rectifiable curves
Boris A. Kats
N.I. Lobatchevskii Institute of Mathematics and Mechanics
Kazan Federal University, Russian Federation
katsboris877@gmail.com

We solve Riemann type boundary-value problem for the equation
∂φ
∂φ
=µ ,
∂z
∂z
where the coefficient µ is defined in the whole complex plane, |µ(z)| ≤ β < 1, and φ is the desired function. Let Γ be a
simple closed curve (generally speaking, non-rectifiable) dividing the complex plane onto domains D+ and D− , ∞ ∈ D− .
We seek this equation in C \ Γ satisfying functions φ such that they have limit values φ± (t) at any point t ∈ Γ from D+
and from D− respectively, and
φ+ (t) = G(t)φ− (t) + g(t),

t ∈ Γ.

Here G(t) and g(t) are given functions.
We solve the problem in terms of a generalization of curvilinear integral for non-rectifiable paths and so called Marcinkiewicz
exponents; these characteristics of non-rectifiable curves are introduced in papers [1, 2]. As a result, we obtain solvability
conditions for the problem.
The talk is based on collaborations with David B. Katz.
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[1] David B. Katz, New metric characteristics of non-rectifiable curves with applications, Siberian Mathematical Journal
57 (2016), 364-372.
[2] Boris A. Kats, David B. Katz, Marcinkiewicz exponents and integrals over non-rectifiable paths, Mathematical Methods
in the Applied Sciences 39 (2016), 3402-3410.

On one interpretation of a uniqueness theorem of the theory of analytic functions
Nino Manjavidze
Department of Natural Sciences and Engineering
Ilia State University, Tbilisi, Georgia
nino.manjavidze@iliauni.edu.ge

The present work deals with the interpretation of a uniqueness theorem of the theory of analytic functions, its generalization and some applications.
The talk is based on collaborations with G. Akhalaia, G. Makatsaria, and T. Vekua (Tbilisi).

Regularity and controllability of the heat equation with memory and loaded masses on graphs
Gulden Murzabekova
Department of Information and Communication Technologies
S. Seifullin Kazakh Agrotechnical University, Astana, Kazakhstan
guldenmur07@gmail.com

Recent interest in control and inverse problems for differential equations on graphs is motivated by applications to
important problems of classical and quantum physics, chemistry, biology, and engineering.
In this talk we describe regularity and exact boundary controllability results for the heat equation with memory on
compact graphs. The heat equation with memory is defined on each edge of the graph and point masses attached to the
interior vertices. Dirichlet or Neumann type controls are applied to the boundary vertices. We demonstrate that the
wave transmitted through the mass is more regular than the incident wave. We prove the sharp regularity results for our
initial boundary value problems in non-symmetric Sobolev spaces with index depending on the combinatorial distance
from the boundary. The exact controllability results are proved for graphs without cycles (trees) and controls applied to
all or all but one boundary vertices.
The talk is based on collaborations with Sergei Avdonin (Univ. Alaska Fairbanks).
[1] Sergei Avdonin, Gulden Murzabekova, Karlygash Nurtazina, Source identification for the heat equation with memory,
University of Minnesota, Institute for Mathematics and its Application, 2459 (2015), 1-8.

Boundary Inverse Problems for the Heat Equation with Memory and Loaded Masses on Graphs
Karlygash Nurtazina
Department of Mathematical and Computer Modelling
L. Gumilyov Eurasian National University, Astana, Kazakhstan
nurtazina.k@gmail.com
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In this talk we describe identifiability results for the heat equation with memory on compact graphs without cycles
(trees). The heat equation with memory with a source-like term is defined on each edge of the graph, and point masses
attached to the interior vertices. We define the response operator RT , i.e. the dynamical Dirichlet-to-Neumann map
associated with the set of all or all but one boundary vertices. We demonstrate that the operator RT known for T greater
than the exact controllability time of the system uniquely determines the sources, lengths of the edges, attached masses,
and the topology of the graph.
The proofs are based on the boundary control method and the leaf peeling method for the heat equation with memory
developed in our previous papers.
The talk is based on collaborations with Sergei Avdonin (Univ. Alaska Fairbanks).
[1] Sergei Avdonin, Gulden Murzabekova, Karlygash Nurtazina, Source identification for the heat equation with memory,
University of Minnesota, Institute for Mathematics and its Application, 2459 (2015), 1-8.

On maximal regularity of differential and difference operators
Kordan N. Ospanov
Department of Pure Mathematics, Faculty of Mechanics and Mathematics
L.N. Gumilyov Eurasian National University, Astana, Kazakhstan
ospanov kn@enu.kz

In the space L2 (−∞, ∞), we discuss the maximal regularity (separability) of the following minimal closed second-order
differential operator with unbounded coefficients:
Ly = −y 00 + r(x)y 0 + q(x)y
dy
as well as its difference analogue l. Since the term r dx
may not be a small perturbation due to the growth of r at infinity,
the properties of L are very different from the properties of the Sturm-Liouville operator (in the case r = 0).
We show that the difference operator l is maximally regular if the coefficient r satisfies certain natural conditions, and
q obeys r in terms of the growth rate. But, the maximal regularity estimate depends on the step of difference. If the
step of the difference is directed to zero, then the maximal regularity estimate does not hold. We also show that under
natural conditions on the coefficients the maximal regularity estimate holds for a wide class of second order difference
operators.

This research was supported by the grant 5132/GF4 and the target program 0085/PTSF-14 of the Ministry of Science
and Education of the Republic of Kazakhstan.

On a generalised Samarskii–Ionkin type problem for the Poisson equation
Makhmud A. Sadybekov
Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
sadybekov@math.kz

The Dirichlet and Neumann boundary value problems play a key role in the theory of harmonic functions. Another
important problem, called periodic boundary value problem, arises when one considers the problem in a one-dimensional
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case or in a multidimensional parallelepiped. For the first time, in [1, 2], a new class of boundary value problems for the
Poisson equation in a multidimensional ball Ω = {x ∈ Rn : |x| < 1} was introduced. These problems are analogous to
the classical periodic boundary value problems.
If we turn to the non-classical problems, then one of the most popular problems is the Samarskii–Ionkin problem, arisen
in connection with the study of the processes occurring in the plasma in the 70s of the last century by physicists.
In this talk an analog of the Samarskii–Ionkin type boundary value problem for the Poisson equation in the multidimensional ball is considered:
−∆u = f (x), x ∈ Ω,
∂u
∂u ∗
∗
u(x) + αu(x ) = τ (x),
(x) −
(x ) = ν(x), x ∈ ∂Ω+ .
∂r
∂r
Here as usual ∂Ω+ is a part of the sphere ∂Ω, for which x1 ≥ 0; each point x = (x1 , x2 , ..., xn ) ∈ Ω is matched by its
”opposite” point x∗ = (−x1 , α2 x2 , ..., αn xn ) ∈ Ω, where the indices αj , j = 2, . . . , n take one of the values ±1. Clearly,
if x ∈ ∂Ω+ , then x∗ ∈ ∂Ω− .
[1] M. A. Sadybekov, and B. Kh. Turmetov. On analogues of periodic boundary value problems for the Laplace operator
in a ball, Eurasian Mathematical Journal, 3:1 (2012), 143–146.
[2] M. A. Sadybekov, and B. Kh. Turmetov. On an analog of periodic boundary value problems for the Poisson equation
in the disk, Differential Equations. 50:2 (2014), 268–273.
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Complex-analytic and Wiener-Hopf methods in the applied
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On the accuracy of the numerical solution of the boundary integral equation with the
generalized Neumann kernel
Mohamed M S Nasser
Department of Mathematics, Statistics & Physics
Qatar University, Doha, Qatar
mms.nasser@qu.edu.qa

Recently, a fast numerical method has been presented in [1] for solving the boundary integral equation with the generalized
Neumann kernel for multiply connected domains of connectivity m + 1 in O((m + 1)n ln n) operations where n is the
number of nodes in the discretization of each boundary component. In this talk, we study the accuracy of the numerical
solution of the integral equation. Further, we compare the accuracy of the integral equation to other well known integral
equations such as the Mikhlin integral equation, the Kerzman-Stein-Trummer integral equation for the Szegö kernel, and
the Razali-Nashed-Murid integral equation for the Bergman kernel. We discuss several explicit examples of popular test
domains and some general estimates.
The presented numerical results illustrate the advantages of the boundary integral equation with the generalized Neumann
kernel which gives accurate results even for domains of very high connectivity, domains with piecewise smooth boundaries,
domains with close-to-touching boundaries, and domains with complex boundary.
[1] M.M.S. Nasser, Fast solution of boundary integral equations with the generalized Neumann kernel, Electron. Trans.
Numer. Anal. 44 (2015), 189–229.

Approximate factorization of a class of matrix functions
Sergei Rogosin
Department of Analytical Economics and Econometrics
Belarusian State University, Minsk, Belarus
rogosinsv@gmail.com

In our talk we describe a recently proposed method for approximate factorization of a class of continuous (non-rational)
matrix-functions G ∈ (C(R))n×n , i.e. their representation in the form
G(x) = G− (x)Λ(x)G+ (x),
with continuous invertible factors G± (x), (G± )−1 (x), possessing analytic continuation into the corresponding half-plane
Π± = {z = x + iy : Im ± z > 0}, and

κ

κ 
x−i 1
x−i n
Λ(x) = diag
,...,
, κ1 , . . . , κn ∈ Z.
x+i
x+i
The essential property of the considered matrices is that they become close (after suitable transformation) to a unit
matrix at infinity. The class of matrices being considered is motivated by their applicability to various problems. The
properties and steps of the asymptotic procedure are discussed in detail.
The main attention is paid to the following cases: (a) canonical factorization when the partial indices κj are equal to
zero (see [1]); (b) factorization with stable partial indices, i.e. max κj − min κ≤ 1 (see [2]); (c) factorization with unstable
partial indices, i.e. max κj − min κ> 1 (see [3]).
The talk is based on collaborations with Gennady Mishuris (Aberystwyth University, UK). It is supported by the People Programme of the EU 7th Programme FP7/2007- 2013/ under REA grant agreement PIRSES-GA-2013- 610547 TAMER and by Belarusian Fund for Fundamental Scientific Research, grant 17MS-002.
[1] Gennady Mishuris, Sergei Rogosin, An asymptotic method of factorization of a class of matrix functions, Proc. Royal
Soc. A 470 (2014), No. 20140109.
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[2] Gennady Mishuris, Sergei Rogosin, Factorization of a class of matrix-functions with stable partial indices, Mathematical Methods in the Applied Sciences 39 (2016), 3791-3807.
[3] Gennady Mishuris, Sergei Rogosin, Regular approximate factorization of a class of matrix-function with an unstable
set of partial indices, http://arxiv.org/abs/1704.07374.

On the Toeplitz plus Hankel integral equation
Vu Kim Tuan
Department of Mathematics, College of Science and Mathematics
University of West Georgia, Carrollton, GA, USA
vu@westga.edu

The integral equation with the Toeplitz plus Hankel kernel is of the form
Z∞
f (x) + [k1 (x + y) + k2 (x − y)]f (y)dy = g(x), x > 0,

(6)

0

here g, k1 , k2 are given, and f is an unknown function. This equation has many useful applications. However, this
integral equation can be solved in closed form only in some particular cases of the Hankel kernel k1 and the Toeplitz
kernel k2 . The solution of equation (6) in closed form in the general case is still open. In several known particular cases
of the equation (6) the Toeplitz kernel k2 is an even function, and the equation (6) takes the form
Z∞
f (x) + [k1 (x + y) + k2 (|x − y|)]f (y)dy = g(x), x > 0.
(7)
0

In this talk we give several particular cases of the equation (7), when the equation can be solved in the closed form.
We consider also the Toeplitz plus Hankel integral equation (6), for the case k1 = k2 , but without the restriction that k2
is an even function, and also the equation being given on the whole real line
Z∞
f (x) + [k(x + y) + k(x − y)]f (y)dy = g(x), −∞ < x < ∞.
(8)
0

The tools to solve these equations in closed form are the Fourier-cosine and Hartley convolutions.
The talk is based on collaborations with Nguyen Xuan Thao, Nguyen Thanh Hong, and Hoang Thi Van Anh.
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The Dirichlet problem and boundary regularity for p-harmonic functions with respect to the
Mazurkiewicz boundary
Anders Björn
Department of Mathematics
Linköping University, Sweden
anders.bjorn@liu.se

A p-harmonic function on unweighted Rn is a continuous weak solution of the p-Laplace equation
∆p u := div(|∇u|p−2 ∇u) = 0.
The results discussed in this talk hold on metric spaces, but most of the interesting questions already appear on unweighted Rn .
Consider a bounded domain G in Rn and let f ∈ C(∂G). In the Dirichlet problem we seek a solution which is p-harmonic
in G and which “attains” the given boundary data f at the boundary. In general we cannot require continuity up to
the boundary (not even for harmonic functions), but it turns out that the Perron method is well suited for solving the
Dirichlet problem.
A natural question is when the Perron solution P f attains the given boundary values as limits: A boundary point
x0 ∈ ∂G is regular if
lim P f (y) = f (x0 ) for all f ∈ C(∂G).
G3y→x0

In some situations, such as the slit disc
G = {x = (x1 , x2 ) : |x| < 1} \ ([0, 1) × {0}),
it can be natural to have different boundary conditions from the top and from the bottom at the points on the slit. In
more complicated situations it is far from clear how to define such a generalized boundary.
I will discuss one such approach namely the Mazurkiewicz boundary (which is also related to prime ends), and how the
corresponding theory with respect to this boundary looks like.
The talk is based on collaborations with Jana Björn (Linköping), Nageswari Shanmugalingam (Cincinnati) and Tomas
Sjödin (Linköping).

Fixed points of holomorphic mappings
Mark Elin
Department of Mathematics
ORT Braude College, Karmiel, Israel
mark elin@braude.ac.il

Let B be an open unit ball in a complex Banach space X. In this talk we discuss conditions that ensure that the set
B ∩ F (B) contains the fixed point set of F . A simplest sufficient condition for F ∈ Hol(B, X) to have an interior fixed
point in B consists of the invariance condition
F (D) ⊂ D

and

sup F 0 (x) < 1

(9)

x∈D

for some closed convex subset D ⊂ B. However, condition (9) is too strong and constrains us to use them for solving
other problems.
A breakthrough in this direction was done by Earle and Hamilton [1]. However (even in the one-dimensional case) the
assumptions of the Earle-Hamilton Theorem become not applicable if F does not map the open unit ball B into itself.
Moreover, many examples show that F might be unbounded on B but still have a unique fixed point inside.
The goal of our work is to assign such conditions that provide the existence and uniqueness of the fixed point in the open
unit ball B of a general Banach space X for a mapping F ∈ Hol(B, X), which even is not necessarily bounded on B.
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The talk is based on collaborations with David Shoikhet.
[1] C. J. Earle and R. S. Hamilton, A fixed point theorem for holomorphic mappings, Proc. Symp. Pure Math. 16, Amer.
Math. Soc., Providence, R.I., (1970), 61–65.

Regularity of mappings with integrally restricted moduli
Anatoly Golberg
Department of Mathematics
Holon Institute of Technology, Israel
golberga@hit.ac.il

We consider a class of homeomorphisms of domains in Rn with integrally bounded from above p-moduli of the families of
curves, which essentially extends the well-known classes of mappings such as quasiconformal, quaiisometric, Lipschitzian,
etc.
In the talk we survey the known results in this field, but mainly establish new differential features of such mappings. A
group of open related problems will be also presented.
The talk is based on collaborations with Ruslan Salimov, Institute of Mathematics of National Academy of Sciences, Kiev,
Ukraine.
[1] Anatoly Golberg, Differential properties of (α, Q)-homeomorphisms, Further progress in analysis, 218–228, World Sci.
Publ., Hackensack, NJ, 2009.
[2] Anatoly Golberg, Ruslan Salimov, Mappings with upper bounds p-moduli, Contemp. Math., 659 (2016), 91–113.

Loewner theory in the study of biholomorphic mappings with A-parametric representation on
the unit ball in Cn
Gabriela Kohr
Faculty of Mathematics and Computer Science
Babeş-Bolyai University, Cluj-Napoca, Romania
gkohr@math.ubbcluj.ro

In this talk we survey recent results in the theory of Loewner chains and the generalized Loewner differential equation
on the unit ball Bn in Cn . A key role in our discussion is played by the Herglotz vector fields associated with the
generalized Loewner differential equation on Bn . We point out main differences between the one variable theory and that
in higher dimensions. A special interest in this talk consists in various extremal problems associated with the compact
0
family SA
(Bn ) of normalized biholomorphic mappings which have A-parametric representation on Bn , where A ∈ L(Cn )
such that k+ (A) < 2m(A), k+ (A) is the Lyapunov index of A and m(A) = minkzk=1 <hA(z), zi. Particular cases, open
problems, and questions will be also mentioned.
The talk is based on collaborations with Ian Graham (Toronto), Hidetaka Hamada (Fukuoka), and Mirela Kohr (ClujNapoca)
[1] I. Graham, H. Hamada, G. Kohr, M. Kohr, Extremal properties associated with univalent subordination chains in Cn ,
Math. Ann., 359 (2014), 61–99.
[2] I. Graham, H. Hamada, G. Kohr, M. Kohr, Support points and extreme points for mappings with A-parametric
representation in Cn , J. Geom. Anal., 26 (2016), 1560–1595.
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G-monogenic mappings in the algebra of complex quaternions

Tetyana Kuzmenko
Department of Complex Analysis and Potential Theory
Institute of Mathematics of the National Academy of Sciences of Ukraine, Kyiv, Ukraine
kuzmenko.ts15@gmail.com

Let H(C) be the quaternion algebra over the field of complex numbers, whose basis consists of the elements 1, I, J, K. In
the algebra H(C) there exists another basis {e1 , e2 , e3 , e4 } such that multiplication table in a new basis can be represented
as
·
e1 e2 e3 e4
e1 e1 0 e3 0
e2
0 e2 0 e4 .
e3
0 e3 0 e1
e4 e4 0 e2 0
The unit of the algebra can be decomposed as 1 = e1 + e2 .
Let i1 = 1, i2 , i3 be elements of H(C) which are linearly independent over the field of real numbers. We consider a new
class of quaternionic mappings, so-called, G-monogenic (i. e. continuous and differentiable in the sense of Gateaux)
mappings of the variable xi1 + yi2 + zi3 , where x, y, z are real.
We obtain a constructive description of all mentioned mappings by means of holomorphic functions of complex variables.
It follows from this description that G-monogenic mappings have Gateaux derivatives of all orders.

A space of kernels for volume potentials
Massimo Lanza de Cristoforis
Dipartimento di Matematica “Tullio Levi-Civita”
Università degli Studi di Padova, Italy
mldc@math.unipd.it

The analysis of the dependence of integral operators upon perturbations plays an important role in the analysis of
perturbed boundary value problems. In this talk we focus on the mapping properties of the volume potentials with
weakly singular kernels. We introduce a special weighted class of kernels, which are analytic away from the singularities,
and we prove that the map which takes a density function and a kernel to a (suitable restriction of the) volume potential
is bilinear and continuous with values in a Roumieu class of analytic functions. We consider both the periodic and the
nonperiodic case. Then we show some applications.
The talk is based on joint work with Matteo Dalla Riva, The University of Tulsa, Oklahoma, USA, and Paolo Musolino,
Aberystwyth University, UK.

Some regularizing properties of the double layer heat potential
Paolo Luzzini
Dipartimento di Matematica ”Tullio Levi-Civita”
Università degli Studi di Padova, Padova, Italy
pluzzini@math.unipd.it

In this talk we consider the integral operator associated to the double layer heat potential defined on the boundary of an
infinite parabolic cylinder and we prove some regularizing properties in parabolic Schauder spaces. We also introduce ad
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hoc norms for kernels of integral operators on parabolic cylinders in order to prove continuity results of integral operators
upon variation of the kernel, which we apply to the layer heat potentials. Some of our results can be found in [1].
The talk is based on collaborations with Massimo Lanza de Cristoforis (Padova).
[1] M. Lanza de Cristoforis, P. Luzzini, Time dependent boundary norms for kernels and regularizing properties of the
double layer heat potential, to appear in Eurasian Math. J., 2017.

Monogenic functions in biharmonic boundary value problems

Sergiy Plaksa
Department of Complex Analysis and Potential Theory
Institute of Mathematics of the National Academy of Sciences of Ukraine, Kiev, Ukraine
plaksa62@gmail.com

We consider a commutative algebra B over the field of complex numbers with a basis {e1 , e2 } satisfying the conditions
(e21 + e22 )2 = 0, e21 + e22 6= 0. Let D be a bounded simply connected domain in the Cartesian plane xOy and Dζ =
{xe1 + ye2 : (x, y) ∈ D}. Components of every monogenic function
Φ(xe1 + ye2 ) = U1 (x, y) e1 + U2 (x, y) ie1 + U3 (x, y) e2 + U4 (x, y) ie2
having the classic derivative in Dζ are biharmonic functions in D, i.e., ∆2 Uj (x, y) = 0 for j = 1, 2, 3, 4.
We consider a Schwarz-type boundary value problem: to find a continuous function Φ : Dζ −→ B which is monogenic in
a domain Dζ when values of components U1 , U3 are given on the boundary ∂Dζ :
U1 (x, y) = u1 (ζ) ,

U3 (x, y) = u3 (ζ)

∀ ζ = xe1 + ye2 ∈ ∂Dζ .

This problem is associated with the following problem: to find a biharmonic function V (x, y) in D when boundary values
of its partial derivatives ∂V /∂x, ∂V /∂y are given on the boundary ∂D. The problem is also associated with the principal
biharmonic problem: to find a biharmonic function V (x, y) in D, which is continuously extended together with partial
derivatives of the first order up to the boundary ∂D, when its values and values of its outward normal derivative are
given on ∂D.
Using a hypercomplex analog of the Cauchy type integral, we reduce the mentioned Schwarz-type boundary value problem
to a system of integral equations and establish sufficient conditions under which this system has the Fredholm property.
For a half-plane and for a disk, solutions are obtained in explicit forms by means of Schwartz-type integrals.
The talk is based on collaborations with Dr. Serhii Gryshchuk.

Series expansion for the effective conductivity of a non-ideal dilute composite
Roman Pukhtaievych
Department of Mathematics ”Tullio Levi-Civita”
University of Padova, Italy
roman@math.unipd.it

This talk is devoted to a singular perturbed non-ideal transmission problem in a dilute two-phase composite with thermal
resistance at the interface. The composite is obtained by introducing into an infinite homogeneous planar matrix a
periodic set of inclusions of a different material. The diameter of each inclusion is proportional to a real positive parameter
. Dalla Riva and Musolino have shown in [1] that under suitable assumptions the effective thermal conductivity can
be expressed by means of a real analytic function of the singular perturbation parameter  and accordingly can be

45

represented as a convergent power series of . In this talk we will show a constructive method to compute explicitly the
coefficients of such series by solving recursive systems of integral equations.
The talk is based on joint work with M. Dalla Riva and P. Musolino.
[1] M. Dalla Riva, P. Musolino, A singularly perturbed nonideal transmission problem and application to the effective
conductivity of a periodic composite, SIAM J. Appl. Math., 73 (2013), 24-46.
[2] M. Dalla Riva, P. Musolino, S. V. Rogosin, Series expansions for the solution of the Dirichlet problem in a planar
domain with a small hole, ASYMPTOTIC ANALYSIS, 92(3-4) (2015), 339-361.

On a class of holomorphic mappings in C2 related to bicomplex numbers
Michael Shapiro
Holon Institute of Technology, Holon, Israel
shapiro1945@outlook.com

In classic multidimensional complex analysis, a holomorphic mapping in C2 is just a pair of holomorphic functions of
two complex variables with no relations between the functions themselves. It turns out that it is possible to introduce a
Cauchy–Riemann–type relation in such a way that the arising subclass of holomorphic mappings possesses a rich theory
quite similar to that of functions in one variable. It will be shown that a right way of treating it is via the so–called
bicomplex analysis, that is, a study of derivable bicomplex functions. The main peculiarities of this approach will be
presented.

Monogenic functions in finite-dimensional commutative associative algebras
Vitalii Shpakivskyi
Department of Complex Analysis and Potential Theory
Institute of Mathematics of the National Academy of Sciences of Ukraine, Kyiv, Ukraine
shpakivskyi86@gmail.com

Let An be an arbitrary n-dimensional commutative associative algebra over the field of complex numbers. Let e1 =
1, e2 , . . . , ek with 2 ≤ k ≤ 2n be elements of An which are linearly independent over the field of real numbers.
We
P
consider monogenic (i. e. continuous and differentiable in the sense of Gateaux) functions of the variable kj=1 xj ej ,
where x1 , x2 , . . . , xk are real, and obtain a constructive description of all mentioned monogenic functions by means of
holomorphic functions of complex variables. It follows from this description that monogenic functions have Gateaux
derivatives of all orders. The relations between monogenic functions and partial differential equations are investigated.
[1] V. S. Shpakivskyi, Constructive description of monogenic functions in a finite-dimensional commutative associative
algebra, Adv. Pure Appl. Math., 7 (1) (2016), 63–75.
[2] V. S. Shpakivskyi, Monogenic functions in finite-dimensional commutative associative algebras, Zb. Pr. Inst. Mat.
NAN Ukr., 12 (3) (2015), 251–268.
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A new extension of Darbo’s fixed point theorem via α-admissible simulation functions

Mehdi Asadi
Department of Mathematics,
Zanjan Branch, Islamic Azad University, Zanjan, Iran
masadi.azu@gmail.com

In this talk, firstly, we introduce αµ -admissible Zµ -contraction and αµ -admissibleNµ -contraction via stimulation functions. Secondly, we prove some new fixed point theorems for defined class of contractions via α-admissible stimulation
mappings. Our results extend some existing results.
The talk is based on collaborations with Hossein Monfared and Mahdi Azhini.
[1] A. Aghajani, R. Allahyari, M. Mursaleen, A generalization of Darbo’s theorem with application to the solvability of
systems of integral equations, J. Comput. Appl. Math. 260 (2014), 68-77.
[2] M. Asadi, E. Karapınar, and P. Salimi, New Extension of p-Metric Spaces with Some fixed point Results on M -metric
spaces, Journal of Inequalities and Applications 2014, 2014:18.
[3] G. Darbo, Punti unitti in transformazioni a condominio non compatto, Rend. Semin. Mat. Univ. Padova, 24 (1955),
84-92.
[4] F. Khojasteh, S. Shukla, S. Radenovic, A new approach to the study of fixed point theory for simulation function,
Filomat, 29(6) (2015), 1189-1194.
[5] A. Samadi, M.B. Ghaemi, An extension of Darbo’s theorem and its application, Abstr. Appl. Anal., (2014) Article
ID 852324.

Some Remarks On Kirk’s Generalized Processes in Banach spaces

Abdelkader Dehici
Laboratory of Informatics and Mathematics
University of Souk-Ahras, Algeria
dehicikader@yahoo.fr

In this talk, we establish a fixed point results for a finite sum of mappings defined on a convex set of an arbitrary Banach
spaces and we study the convergence (resp. weak convergence) of generalized Kirk’s processes associated to them.
The talk is based on collaborations with Hossein Monfared and Mahdi Azhini.
[1] K. Goebel and W. A. Kirk, Topics in metric fixed point theory, Cambridge Studies in Advanced Mathematics. First
edition (1990).
[2] C. W. Groetsch, A nonstationary iterative process for nonexpansive mappings, Proc. Math. Soc., 43 (1) (1974),
155-158.
[3] W. A. Kirk, A fixed point theorem of mappings which do not increase distance, Amer. Math. Monthly., 76 (1965),
1004-1006.
[4] W. A. Kirk, On successive approximations for nonexpansive mappings, Glasgow. Math. J., Vol (2) (1), (1971), 6-9.
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Fixed points of various contraction mappings on Branciari b-metric spaces
Inci M. Erhan
Department of Mathematics,
Atılım University, Ankara, Turkey
incierhan@gmail.com

In this paper, we discuss various types of α-admissible contractions mappings on Branciari b-metric spaces are introduced.
We present theorems on the existence and uniqueness of fixed points of these mappings. We also conclude various
consequences of these theorems and provide ilustrative examples.
The talk is based on collaborations with Selma Gülyaz Özyurt.
[1] S. Czerwik, Contraction mappings in b-metric spaces, Acta Math. Inform. Univ. Ostrav.,1 (1993), 511.
[2] A. Branciari, A fixed point theorem of Banach-Caccioppoli type on a class of generalized matric spaces, Publ. Math.
Debrecen, 57 (2000), 31-37.
[3] R. George, S. Radenovic, K.P. Reshma, S. Shukla, Rectangular b-metric spaces and contraction principle, J. Nonlinear
Sci. Appl., 8 (2015), 10051013.

Study of Boundary value problems by a fixed point theorem
Assia Guezane-Lakoud
Laboratory of advanced Materials
University Badji Mokhtar Annaba, Algeria
a guezane@yahoo.fr

In this talk, we investigate the existence of solutions for boundary value problems involving fractional derivatives. For
this purpose, we transform the problem to an integral equation that we write as a sum of a contraction and a completely
continuous operator then we use Krasnoselskii fixed point theorem to prove the existence of nontrivial solutions.
The talk is based on collaborations with Rabah Khaldi.
[1] T. A Burton, B. Zhang, Fixed points and fractional differential equations: examples, Fixed Point Theory, 10 No.2
(2009), 1-17.
[2] R. Khaldi, A. Guezane-Lakoud, Upper and lower solutions method for higher order boundary value problems, Progr.
Fract. Differ. Appl. 3, No. 1, 53-57 (2017).

A short history of metric fixed point theory
Erdal KARAPINAR
Department of Mathematics
University of Atılım, Ankara, Turkey
erdalkarapinar@yahoo.com

The emphasis of this talk will be on the historical origins of metric fixed point theory. We aim to list some basic results,
and fundamental approaches to the theory. We also discuss the recent advances and improvements on the metric fixed
point theory. The talk will be largely expository.
[1] Agarwal, R.P., Karapnar, E., O’Regan, D., Roldn-Lpez-de-Hierro, A.F., Fixed Point Theory in Metric Type Spaces
Springer International Publishing (2015)
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[2] S. Banach, Sur les opérations dans les ensembles abstraits et leur applications aux équations intégrales Fund. Math.,3
133-181, (1922).
[3] J. Caristi, Fixed point theorems for mappings satisfying inwardness conditions, Trans. Amer. Math. Soc., 215 241–
251 (1976).
[4] Lj.B. Ćirić, A generalization of Banach’s contraction principle, Proc. Amer. Math. Soc., 45 267-273 (1974).

Generalization of Darbo’s fixed point theorem via SR-functions with application to integral
equations
Farshid Khojasteh
Department of Mathematics,
Arak-Branch, Islamic Azad University Arak, Iran.
f-khojaste@iau-arak.ac.ir

The aim of the current paper is introducing a generalization of Darbo’s fixed point theorem based on SR−functions.
In comparison with simulation function, SR−functions are able to cover the Meir-Keeler functions. Thus, the integral
equations which are related to Meir-Keeler functions can be solved by our results. In the sequel, we find a solution for a
functional integral equation
Z t −2t
se |u(s)|
ds
u(t) = ϕ(|u(t)|) +
u(s) + 5
0
where ϕ is a Meir-Keeler function, to support our results.

[1] F. Khojasteh, S. Shukla, S. Radenovic, A new approach to the study of fixed point theorems via simulation functions,
Filomat, 29 (2015), 1189-1194.
[2] J. Chen X. Tang, Generalizations of Darbo’s fixed point theorem via simulation functions with application to functional
integral equations, Journal of Computational and Applied Mathematics, 296 (2016), 564–575.
[3] A. Meir, E. Keeler, A theorem on contraction mappings, J. Math. Anal. Appl., 28 (1969), 326–329.
[4] A.F. Roldan-Lopez-de-Hierro, N. Shahzad, New fixed point theorem under R-contractions, Fixed Point Theory Appl.,
2015, article 98 (2015), 18 pages(DOI 10.1186/s13663-015-0345-y).

Approximation of minimizers of convex functions defined on a complete geodesic spaces
Yasunori Kimura
Department of Information Science, Faculty of Science
Toho University, Funabashi, Japan
yasunori@is.sci.toho-u.ac.jp

Finding a minimizer of given convex function is one of the simplest and most powerful problems in nonlinear analysis
since it is related to other nonlinear problems such as equivalent problems, fixed point problems, variational inequality
problems, saddle point problems, and others.
In this talk, we focus on approximation methods to a solution of this problem in the setting of complete geodesic spaces
with a curvature bounded above. The notion of resolvent for convex function in this space plays an important role to
generate an approximate sequence to its minimizer, and it is strongly related to fixed point thoery and its approximation
theory. Our main result shows that the iterative sequence generated by the shrinking projection method with errors
properly approximates to a minimizer of given function. We also show some recent developments related to this problem.
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Fixed point theorems in ordered M -metric spaces
Hossein Monfared
Department of Mathematics,
Germi Branch, Islamic Azad University, Germi, Iran
monfared.h@gmail.com

Using control functions, we generalize some results of coupled fixed point theorems for nonlinear contractions to ordered
M -metric spaces. Our conclusions extend and improve current results which is in partially ordered metric spaces by
Lakshmikantam and Ćirić [6].
The talk is based on collaborations with Mehdi Asadi and Mahdi Azhini.
[1] R. P. Agarwal, M. A. El-Gebeily, D. O’Regan D. Generalized contractions in partially ordered metric spaces, Appl.
anal., 87 (2008), 1-8.
[2] M. Asadi, E. Karapınar, and P. Salimi, New Extension of p-Metric Spaces with Some fixed point Results on M -metric
spaces, Journal of Inequalities and Applications, 2014, 2014:18.
[3] M. Asadi, On Ekeland’s Variational Principle in M-metric spaces, Journal of Nonlinear and Convex Analysis, 17(6)
(2016), 1151-1158.
[4] M. Asadi, Fixed point theorems for Meir-Keler mapping type in M -metric space with applications, Fixed Point Theory
and Applications, 2015, 2015:210.
[5] T. G., Bhaskar, V. Lakshmikantam, Fixed point theorems in partially ordered metric spaces and applications, Non
linear Anal. TMA 65 (2006), 1379-1393.
[6] V. Lakshmikantham, L. Ćirić, Coupled fixed point theorems for nonlinear contractions in partialy ordered metric
spaces, Non linear Anal., 70 (2009), 4341-4349.
[7] S.G. Mathews, partial metric topology, Proc. 8th Summer Conference on General topology and Applications Ann
New York, Acad Sci., 728 (1994), 183-197.
[8] H. Monfared, M. Azhini, M. Asadi, Fixed point results on M -metric spaces, Journal of Mathematical Analysis, 7(5)
(2016), 85-101.

Fixed point theorems for mappings satisfying α-implicit contractive conditions in b-metric-like
spaces
Mahpeyker Öztürk
Department of Mathematics, Faculty of Art and Sciences
Sakarya University, Sakarya, Turkey
mahpeykero@sakarya.edu.tr

In this study, by using α-admissible mappings and implicit contraction type conditions instead of the usual explicit
contractive conditions, a general class of contractions have been defined and also common fixed point theorems have
been obtained in the setting of b-metric like spaces. The obtained results unify, extend, generalize related common fixed
point and fixed point theorems from the literature.
[1] M.A.Alghamdi, N. Hussain, P. Salimi, Fixed point and coupled fixed point theorems on b-metric-like spaces, J. Inequal.
Appl., 2013, (2013), 25 pages.
[2] V.Popa, Fixed point theorems for implicit contractive mappings, Stud. Cerc. St. Ser. Mat. Univ. Bacău, 7, (1997),
127-133.
[3] B. Samet, C. Vetro, P. Vetro, Fixed point theorems for α − ψ−contractive type mappings, Nonlinear Anal., 75, (2012),
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2154-2165.
[4] H. Aydi, A. Felhi, S. Sahmim, On common fixed points for (α, ψ)-contractions and generalized cyclic contractions in
b-metric-like spaces and consequences, J. Nonlinear Sci. Appl., 9, (2016), 2492-2510.
[5] E. Karapınar, B.Samet, Generalized α−ψ−contractive type mappings and related fixed point theorems with applications,
Abstr. Appl. Anal., 2012, (2012), 17 pages.

Generalized implicit vector varitional inequality problems
Mohammad Rahimi
Department of of mathematics
Malayer branch, Islamic Azad university, Malayer, Iran.
rahimi.math33@yahoo.com

In this paper, we study existence result and properties of solution set of generalized implicit vector varitional inequality
problems. For this purpose, at first two kinds of the upper sign continuity and pseudo monotonicity in the setting of
multivalued bifunctions with moving cones are introduced. Moreover, with new definitions via KKM theory and without
using Kakutani-Fan-Glickberg fixed point theorem, we stablish the properties of solution set of generalized implicit vector
varitional inequality problems.
[1]Q.H. Ansari, A.P. Farajzadeh and S. Schaible, Existence of solutions of strong vectror equilibrium problems,Taiw. J.
Math, 16 (1) (2012) 165-178.
[2] E. Blum, W. Oettli, From optimization and varitional inequalities to equilibrium problems, Journal of pure and applied
abstracts Mathematics Student, 63 (93) 123-145.
[3] A.P. Farajzadeh, A. Amini-Harandi, On generalized implicit vector variational inequality problems, Indian J. Pure
Appl. Math, 42 (2) (2011) 127-140.
[4] Y.P. Fang, N.j. Huang, Existence results for generalized implicit vector variational inequalities with multivalued
mappings, Indian J. Pure Appl. Math, 36 (11) (2005) 629-640.
[5] A.P. Farajzadeha and J. Zafarani, Equilibrium problems and variational inequalities in topological vector spaces,
Optimization, 59 (4) (2010) 485-499.

On Some Extensions of Nadler’s Fixed Point Theorem
Najeh Redjel
Laboratory of Informatics and Mathematics
University of Souk-Ahras, Algeria
najehredjel@yahoo.fr

In this talk, we give the notion of the pseudo-fixed point for multi-valued mappings which enable us to extend Nadler’s
theorem and other well known results in the literature.
[1] K. Iseki, Multi-valued contraction mappings in complete metric spaces, Rendiconti. del. Semin. Mat. della. Univ.
Padova., 53 (1975), 15-19.
[2] J. R. Jachymski, Caristi’s fixed point theorem and selections of set-valued contractions, J. Math. Anal. Appl. 227
(1998), 55-67.
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[3] K. Kuratowski, Topology, 1, PWN, Warszawa, 1966.
[4] S. B. Nadler Jr, Multi-valued contraction mappings, Pacific. J. Math., 30 (1969), 475-487.
[5] S. Reich, Kannan’s fixed point theorem, Boll. Un. Mat. Ital., (4) (1971), 1-11.
[6] S. Reich, Fixed points of contractive functions, Boll. Un. Mat. Ital., (4) 5 (1972), 26-42.

A New Generalization of Feng-Liu Type on Mb -Metric Space
Hakan sahIn
Department of Mathematics
Gazi University, Ankara, Turkey
hakansahin@gazi.edu.tr

In this study, we firstly give definition of Mb -metric space which is generalization of M-metric[1] and b-metric [2]. Then,
we present fixed point results for both multivalued and singleton mappings of Feng-Liu type[3] on complete Mb -metric
space. After that some illustrative examples are provided.
The talk is based on collaborations with Ishak Altun and Duran Turkoglu
[1] M. Asadi, E. Karapınar and P. Salimi, New extension of p-metric spaces with some fixed point results on M -metric
space, Journal of Inequalities and Applications, 2014: January 2014.
[2] I. A. Bakhtin, The contraction mapping principle in quasi-metric spaces, Func. Anal. Uni-anowsk Gos. Ped. Ins.
30:26-37, 1989.
[3] Y. Feng and S. Liu, Fixed point theorems for multi-valued contractive mapping and multi-valued Caristi type mappings, J. Math. Anal. Appl., 317(1):103-112, 2006.

Concept of md-metric space and fixed point for the application in medical science
Devendra Singh Solanki
Institute for Excellence in Higher Education, Bhopal (M.P.),India
drdevendra1959@gmail.com

In this paper we introduce a new type of metric space named as md-metric space. Once introduced, we then establish a
Banach Contraction principle in this newly defined space (for area of curve) which deals with the study of Pharmacology
and Pharmacodynamics (study of drugs and its effects on the body). The area under the plasma drug concentrationtime curve reflects the actual body exposure to drug after administration of dose of the drug and is expressed in mg*h/l.
The talk is based on collaborations with Mahendra Singh Rathore.
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On the solvability of the tracking problem with nonlinearly distributed control for the
oscillation process
Elmira Abdyldaeva
Department of Mathematics
Kyrgyz Turkish Manas University, Bishkek city, Kyrgyzstan
efa 69@mail.ru

In this talk we have investigated the tracking problem, where it is required to minimize the integral functional
Z TZ
Z T
J[u(t)] =
[V (t, x) − ξ(t, x)]2 dxdt + 2β
M [t, u(t)]dt, β > 0,
0

Q

0

on the set of solutions of the boundary value problem
Z t
Vtt − AV = λ
K(t, τ )V (τ, x)dτ + g[t, x, u(t, x)], x ∈ Q ⊂ Rn , 0 < t ≤ T,
0

V (0, x) = ψ1 (x),
Γ V (t, x) ≡

n
X

Vt (0, x) = ψ2 (x),

x ∈ Q,

ai,j (x)Vxj cos(δ, xi ) + a(x)V (t, x) = 0, x ∈ Q, 0 < t ≤ T.

i,j=1

Here V (t, x) ∈ H(QT ) is a function of state of the control process; u(t, x) ∈ H(QT ) is a function of the control; A is an
elliptic operator; H(Y ) is a Hilbert space of functions defined on the set Y .
The questions of unique solvability of the tracking control problem with distributed optimal control for the oscillation
process described by the Fredholm integral-dfferential equation in partial derivatives was investigated. The uniquely
solution of this problem in the form of the triple u0 (t), V 0 (t, x), J[u0 (t)] was founded. Here u0 (t) is the optimal control,
V 0 (t, x) is the optimal process, J[u0 (t)] is the minimum value of the functional.
[1] Akylbek Kerimbekov, Elmira Abdyldaeva, Optimal Distributed Control for the processes of Oscillations described by
Fredholm Integro-Differential Equations, Eurasian Mathematical Journal V.6, No 2 (2015), 18-40.

On the nonlinear Dirac equation with an electromagnetic potential
Piero D’Ancona
Dipartimento di Matematica
Sapienza Università di Roma, Italy
dancona@mat.uniroma1.ir

In a joint work with M.Okamoto (Shinshu University, Nagano) we prove smoothing and Strichartz estimates for a Dirac
equation perturbed by a large potential of critical decay and regularity. In the endpoint case, we prove suitable replacements of these estimates for data of additional angular regularity. As an application we deduce global well posedness
and scattering for small data in the energy space with radial symmetry, or with additional angular regularity. Moreover,
for a restricted class ofpotentials, we can extend our results to more general large data under the sole assumption of
smallness of the Lochak-Majorana chiral invariants.
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On Lp − Lq –boundedness of pseudodifferential operators with rough symbols on m–dimensional
torus
Dauren B. Bazarkhanov
Department of Function Theory
Institute of Mathematics and Math Modeling, Almaty, Kazakhstan
dauren.mirza@gmail.com

In the talk we will discuss Lp − Lq –boundedness for pseudo–differential operators on m–dimensional torus with smooth
and rough symbols. In particular, we will formulate the Hörmander – Hounie type criterion of L2 –boundedness for
pseudo–differential operators with symbols from periodic Hörmander classes and the Kenig – Staubach type theorem
on Lp –boundedness of pseudo–differential operators with rough symbols with 1 ≤ p ≤ ∞. Furthermore, we will discuss
some sufficient conditions on Lp − Lq –boundedness for those operators with both type of symbols for 1 ≤ p, q ≤ ∞.

Harmonic analysis methods in the theory of the kinetic transport equation
Neal Bez
Department of Mathematics
Saitama University, Japan
nealbez@mail.saitama-u.ac.jp

We will see how various techniques from harmonic analysis can be applied to obtain Strichartz estimates and smoothing
estimates for the velocity average of the solution of the kinetic transport equation. This will include applications of
Fourier restriction estimates, cone multiplier estimates and certain multilinear geometric inequalities.

Approximation of autonomous equations by a fitted spectral method
Mohamad K. El-Daou
Applied Sciences, College of Technological Studies,
PAAET, Kuwait
mk.eldaou@paaet.edu.kw

Solving highly oscillatory autonomous equations by conventional numerical integrators requires high computational effort
if the frequency of oscillations is large. Alternative methods to treat this class of problems include techniques based on
Magnus series expansions [1], coefficients perturbation [2], and exponential fitting (EF) ([3], [4]). In [3], I presented an
exponentially fitted version of the spectral tau method (EFT) to solve a class of linear differential equations. The basic
idea of EFT is to construct an approximate solution expressed as a linear combination of the exponentially weighted
Legendre polynomials {eiωx Ln (x); n = 0, 1, ..., N }, where Ln (x) is the nth Legendre polynomial, and {ω} are frequencies
whose the key role is to detect the sharp variations in y. In this talk, an EFT algorithm will be proposed for the integration
of nonlinear autonomous systems of the form
00

0

0

0

0

0

yxx = F (y, yx )yx + G(y, yx )y, x ≥ x0 y(x0 ) = α0 , yx (x0 ) = α0 .

(10)

The adopted approach is to replace (10) by a sequence of linear equations, and then to apply EFT iteratively, until a
certain prescribed tolerance is satisfied. This will generate a set of approximate solutions that converges, due to NewtonKantorovich Theorem, to the exact solution y(x) of (10). [1] I. Degani, J. Schiff, RCMS: Right Correction Magnus Series
approach for oscillatory ODEs. J. Comput. Appl. Math. 193 (2006).
[2] V. Ledoux, M. Rizea, L. Gr. Ixaru, G. Vanden Berghe, M. Van Daele, Solution of the Schrödinger equation by a high
order perturbation method based on linear reference potential, Comp. Phy. Com.175(2006), 424-439.
[3] M. K. El-Daou, Exponentially weighted Legendre-Gauss Tau methods for linear second-order differential equations,
Comp. Math. with Appls 62 (2011), 51-64.
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[4] L. Gr. Ixaru, G. Vanden Berghe , Exponential Fitting, Kluwer Academic Publishers, Dordrecht, 2004.

The Cauchy problem for the generalized Zakharov-Kuznetsov equation in modulation spaces
Tomoya Kato
Department of Mathematics, Graduate School of Science
Osaka University, Japan
t.katou@cr.math.sci.osaka-u.ac.jp

In this talk, we consider the well-posedness for the generalized Zakharov-Kuznetzov equation ∂t u + ∂x1 ∆u = ∂x1 (um+1 )
s
in modulation spaces Mp,q
(Rn ) with n ≥ 2. In order to obtain the well-posedness, some linear estimates play crusial
roles. In this talk, we mainly focus on the maximal function estimate and re-establish the estimate in the frame of
0
modulation spaces. Then, as an application, we obtain the well-posedness in M2,1
(Rn ) for m ≥ 4, which is the result in
a new class of functions which is not treated by that in the scaling critical Sobolev spaces.

A new conditions for the solvability of the nonlinear Fredholm integral equation
Akylbek Kerimbekov
Department of Applied Mathematics and Informatics
Kyrgyz Russian Slavic University, Bishkek city, Kyrgyzstan
akl7@rambler.ru

In this paper we investigate questions of the unique solvability of the nonlinear Fredholm integral equation
Z b


ϕ(x) = λ
K x, t, ϕ(t) dt.

(11)

a

It is established that if the following conditions are satisfied


(1) λ is not a characteristic number of the kernel Kψ x, t, ψi (t, λ) ;

Rb 

Rb
(2) a Kψ x, t, ψi (t, λ) a K t, s, f (s) dsdt ≡ 0, x ∈ [a, b],
i = 1, 2, ..., q.
Then equation (1) is unique solvable. An algorithm of determining the unknown function ψi (t, λ) was developed.
Examples which sustain the theoretical conclusions were given.
[1] Akylbek Kerimbekov, About the one method of solving nonlinear Fredgolm integral equations, Abstract. V Congress
of the Turkic World mathematicians, Kyrgyzstan, Issyk-Kul Aurora, 5-7 june, 2014 (2014), 121.

Singular integrals with product Cauchy kernels
Vakhtang Kokilashvili
International Black Sea University,Tbilisi,Georgia
kokil@rmi.ge

One of the purposes of our talk is to present necessary and sufficient conditions both for curves and weights ensuring
the boundedness of maximal double Cauchy singular integral operator in weighted Lebesgue spaces. Almost everywhere
existence of double Cauchy singular integrals will be discussed.
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On approximation by multivariate Kantorovich–Kotelnikov sampling operators
Yurii Kolomoitsev
Institute of Mathematics
University of Lübeck, Germany
kolomoitsev@math.uni-luebeck.de

Approximation properties of multivariate Kantorovich-Kotelnikov sampling type operators generated by different bandlimited functions are studied. In particular, a wide class of functions with discontinuous Fourier transform is considered.
The Lp -rate of convergence for these operators is given in terms of the classical moduli of smoothness. Several examples
of the Kantorovich-Kotelnikov operators generated by the sinc-function and its linear combinations are provided.
This is a joint work with Maria Skopina (St. Petersburg State University, Russia).

Optimal decay of Sobolev extremals on Stratified Lie groups and applications
Annunziata Loiudice
Department of Mathematics
University of Bari, Italy
annunziata.loiudice@uniba.it

We obtain the regularity and the sharp asymptotic behavior at infinity of the extremal functions for the p-Sobolev
inequality on Stratified Lie groups (see [4]). We recall that, in this abstract setting, the analytic expression of such
functions is not known, except for the special case of the Heisenberg group H n and p = 2. We shall discuss the
semilinear Hardy-Sobolev case and the quasilinear case.
As firstly observed in [1], the exact rate of decay of Sobolev minimizers turns out to be the crucial ingredient in order to
obtain existence results for critical growth problems, known as Brezis-Nirenberg type problems, characterized by lack of
compactness. (see also [2], [3]).
[1] Annunziata Loiudice, Semilinear subelliptic problems with critical growth on Carnot groups, Manuscripta Math. 124
(2007), 247-259.
[2] Enrico Jannelli, Annunziata Loiudice, Critical polyharmonic problems with singular nonlinearities, Nonlinear Anal.
110 (2014), 77-96.
[3] Annunziata Loiudice, Critical growth problems with singular nonlinearities on Carnot groups, Nonlinear Anal. 126
(2015), 415-436.
[4] Annunziata Loiudice, Optimal decay of Sobolev extremals on Carnot groups, preprint 2017.

A Hardy-Sobolev inequality for the magnetic Laplacian
Ratnakumar P.K.
School of Mathematics
Harish-Chandra Research Institute, Allahabad, INDIA.
ratnapk@hri.res.in

We discuss a Hardy-Sobolev type inequality for the twisted Laplacian

n 
X
yj  2 
xj  2
L=
i∂xj +
+ i∂yj −
2
2
j=1
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on Cn . The twisted Laplacian can be thought of as the magnetic Laplacian corresponding to a constant magnetic field,
for a system of n non interacting particles in the plane. We obtain optimal Hardy-Sobolev type inequality of the form
Z
Z
1
|u|2 w(z) dz ≤
|∇L u|2 dz
4 Cn
Cn


|∇L E|2
|z|2
+
where the weight w(z) =
is given in terms of the fundametal solution E for the twisted Laplacian L.
2
4
E
The weight is strong optimal, in the sense that it can not be improved. The optimality relies on explicit construction of
the fundamental solution for the twisted Laplacian in closed form, and it’s asyptotic behaviour.
This talk is based on collaborative work with A. Adimurthi and Vijay Kumar Sohani.
[1] A. Adimurthi, A. Sekar, Role of the fundamental solution in the Hardy-Sobolev-type inequalities, Proc. Royal Soc
Edinburgh , Vol.136 A, (2006), 1111-1130.
[2] A. Adimurthi, P.K. Ratnakumar, Vijay Kumar Sohani, A Hardy-Sobolev inequality for the twisted Laplacian, Proceedings of the Royal Society of Edinburgh Section A: Mathematics, Vol. 147, no.1 (2017), 1-23.
[3] J. Avron, I. Herbst, B. Simon, Schrödinger operator with magnetic Fields. I. General interactions, Duke. Math. J.,
Vol.45, No. 4, (1978), 847-883.

Composition in Weighted Modulation Spaces and Applications to Nonlinear PDEs
Maximilian Reich
Institute of Applied Analysis
TU Bergakademie Freiberg, Germany
maximilian.reich@math.tu-freiberg.de

In the theory of nonlinear partial differential equations we need to explain composition operators. We introduce a class
n
∗
of general weights for modulation spaces Mw
p,q (R ), which increase faster than any polynomial. For a particular scale of
n
∗
weights we establish analytic as well as non-analytic composition results in the spaces Mw
p,q (R ). Moreover, we study
s
the existence of the product of two modulation spaces Mp,q
(Rn ) equipped with polynomial weights. This will give us the
s
opportunity to treat the boundedness of composition operators acting on Mp,q
(Rn ). In both cases we discuss sufficient
and necessary conditions. The obtained composition results bring us into position to treat several semi-linear Cauchy
problems.

The talk is based on collaborations with Winfried Sickel (Friedrich Schiller University Jena, Germany).

Orthonormal Bases in the Orbits of Square-Integrable Representations of Nilpotent Lie Groups
David Rottensteiner
Faculty of Mathematics
University of Vienna
david.rottensteiner@univie.ac.at

So far, wavelet and Gabor orthonormal bases of L2 (Rd ) have been objects of applied harmonic analysis, which have
proved useful for distinguishing and classifying certain features of functions. From an abstract point of view, they share
a specific property: both lie in the orbit of a square-integrable unitary representation π of a locally compact group G.
More specifically, they are of the form
{π(γ)f | γ ∈ Γ},
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where Γ is a discrete subset (or even subgroup) of G.
The existence of such a basis for general locally compact G seems to be a new topic in abstract harmonic analysis
and we can give a positive answer for a large class class of nilpotent Lie groups, which includes all graded groups with
one-dimensional center. In the presence of a rational structure in the Lie algebra g, the set Γ can be chosen to be a
uniform subgroup.
The talk is based on joint work with Karlheinz Gröchenig.

Pseudo-difference operators
Michael Ruzhansky
Department of Mathematics
Imperial College London, United Kingdom
m.ruzhansky@imperial.ac.uk

In this talk we discuss the calculus of pseudo-differential operators on the lattice Zn , which we can call pseudo-difference
operators. An interesting feature of this calculus is that the phase space is compact (Tn ) so the question is how to define
symbol classes? Nevertheless, we establish formulae for composition, adjoint, and parametrix for elliptic operators. We
also give conditions for the `2 , weighted `2 , and `p boundedness. We describe a link to the toroidal quantization on the
torus Tn ([5]), and apply it to give conditions for the membership in Schatten classes.
Furthermore, we will discuss a version of Fourier integral operators and give applications to solutions to difference
equations on the lattice Zn .
Some properties of pseudo-differential operators on Zn have been analysed e.g. in [1,2,3,4] but without symbolic calculus.
The talk is based on joint paper with Linda Botchway and Gael Kibiti from AIMS Ghana (African Institute for
Mathematical Sciences in Ghana)
[1] V. Catana. Lp -boundedness of multilinear pseudo-differential operators on Zn and Tn . Math. Model. Nat. Phenom.,
9(5):17–38, 2014.
[2] S. Molahajloo. Pseudo-differential operators on Z. In Pseudo-differential operators: complex analysis and partial
differential equations, volume 205 of Oper. Theory Adv. Appl., pages 213–221. Birkhäuser Verlag, 2010.
[3] V. Rabinovich. Exponential estimates of solutions of pseudodifferential equations on the lattice (hZ)n : applications
to the lattice Schrödinger and Dirac operators. J. Pseudo-Differ. Oper. Appl., 1(2):233–253, 2010.
[4] C. A. Rodriguez Torijano. Lp -estimates for pseudo-differential operators on Zn . J. Pseudo-Differ. Oper. Appl.,
2(3):367–375, 2011.
[5] M. Ruzhansky and V. Turunen. Quantization of pseudo-differential operators on the torus. J. Fourier Anal. Appl.,
16(6):943–982, 2010.

Horisontal weighted Hardy-Rellich type inequalities on stratified Lie groups
Bolys Sabitbek
Institute Mathematics and
Mathematical Modeling, Almaty, Kazakhstan
b.sabitbek@math.kz

We present versions of horizontal weighted Hardy-Rellich type inequality and Caffarelli-Kohn-Nirenberg type inequality
on stratified Lie groups and study some of its consequences. Our results reflect on many results previously known in
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special cases. Moreover, new Sobolev type spaces are defined on stratified Lie groups and proved an embedding theorems
for these functional spaces.
[1] N. Badiale and G. Tarantello, A Sobolev-Hardy inequality with applications to a nonlinear elliptic equation arising in
astrophysics, Arch. Ration. Mech. Anal., 163 (2002), 259–293.
[2] D. G. Costa., Some new and short proofs for a class of Caffarelli-Kohn-Nirenberg type inequalities, J. Math. Anal.
Appl. 337 (2008), 311-317.
[3] D. G. Costa. On Hardy-Rellich type inequalities in RN . Appl. Math. Letters,22 (2009), 902–905.
[4] L. D’Ambrosio. Some Hardy inequalities on the Heisenberg group, Differential Equations, 40, (2004), 552–564.
[5] Y. Di, L. Jiang, S.Shen, and Y. Jin. A note on a class of Hardy-Rellich type inequalities. J. Inequal. Appl., 84,
(2013), 1–6.
[6] V. Fischer and M. Ruzhansky. Quantization on nilpotent Lie groups, Birkhäuser, 314, (2016) Progress in Mathematics.
[7] M. Ruzhansky and D. Suragan. Layer potentials, Kac’s problem, and refined Hardy inequality on homogeneous Carnot
groups. arXiv:1512.02547, (2015).
[8] M. Ruzhansky and D. Suragan. On horizontal Hardy, Rellich and Caffarelli-Kohn-Nirenberg inequalities on stratified
groups.J. Differential Equations, 262 (2017), 1799–1821.
[9] M. Ruzhansky and D. Suragan. Anisotropic L2-weighted Hardy and L2-Caffarelli-Kohn-Nirenberg inequalities.Commun.
Contemp. Math., to appear, https://arxiv.org/abs/1610.07032.
[10] M. Ruzhansky and D. Suragan. Local Hardy and Rellich inequalities for sums of squares of vector fields. Adv. Diff.
Equations, to appear, https://arxiv.org/abs/1601.06157.

On the solvability of the tracking problem under nonlinear boundary control of the thermal
processes described by Volterra integro-differential equations
Erkeaim Seidakmat kyzy
Department of Applied Mathematics and Informatics
Kyrgyz Russian Slavic University, Bishkek city, Kyrgyzstan
erkeai90@list.ru

In this talk we have investigated of the tracking problem, where it is required to minimize the quadratic functional
Z TZ 1
Z T
J[u(t)] =
[ν(t, x) − ξ(t, x)]2 dxdt + β
u2 (t)dt, β > 0,
(12)
0

0

0

on the set of solutions of the boundary value problem
Z t
νt = νxx + λ
K(t, τ )ν(τ, x)dτ

0 < x < 1, 0 < t ≤ T,

(13)

0

ν(0, x) = ψ(x),
νx (t, 0) = 0,

0 < x < 1,

νx (t, 1) + αν(t, 1) = p[t, u(t)],

(14)
0 < t ≤ T.

(15)

Here ν(t, x) ∈ H(Q) is a function of state of the control process; u(t) ∈ H(0, T ) is a function of the control; H(Y ) is a
Hilbert space of functions defined on the set Y .
An algorithm for constructing solutions tracking problem of the nonlinear optimization for the thermal process described
by the Volterra integro-differential equation in partial derivatives was developed.
[1] Akylbek Kerimbekov, Elmira Abdyldaeva, On the Solvability of a Nonlinear Tracking Problem under Boundary Control
for the Elastic Oscillations described by Fredholm Integro-Differential Equations, System Modeling and Optimization
[27th IFIP TC 7 Conference, CSMO 2015 Sophia Antipolis, France, June 29 - July 3, 2015 Revised Selected Papers]
(2017), 312-321.
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Hardy type integral inequalities involving many functions for 0 < p < 1
Abdelkader Senouci
Department of Mathematics, Faculty of Mathematics and Informatic
Ibn-Khaldoun University, Tiaret, Algeria
kamer295@yahoo.fr

It is well known the classical Hardy’s inequality:
Z ∞
p
 p p Z ∞ 
F (x) p
f (x) dx.
(16)
dx <
x
p−1
0
0
Where p > 1, f non negative measurable function. Our aim is to generalize the corresonding weighted inequality of (1)
with 0 < p < 1 for many functions.
Theorem 1 Let f1 , f2 , ..., fn n functions measurable and non negative, 0 < p < 1.
If − p1 < α < 1 − p1 and for every i = 1, 2, ...n fi is non increasing, then
Z ∞
p
n
xnα (Hf1 )(x)(Hf2 )(x)...(Hfn )(x) dx ≤
0

−1
1 
1
1
−
−
α
np
p

∞

Z


p
xαp f1 (x) + f2 (x) + ... + fn (x) dx.

(17)

0

If α < − p1 and for every i = 1...n fi is non decreasing, then
Z ∞
p
n
xnα (Hf1 )(x)(Hf2 )(x)...(Hfn )(x) dx ≤
0

p
B(p, −αp)
np
If α > 1 −

1
p

Z

∞


p
xαp f1 (x) + f2 (x) + ... + fn (x) dx.

(18)

0

and for every i = 1...n fi is non increasing, then
Z ∞

p
n
(xnα H ∗ f1 )(x)(H ∗ f2 )(x)...(H ∗ fn )(x) dx ≤
0

p
B(p, αp + 1 − p)
np

∞

Z


p
xαp f1 (x) + f2 (x) + ... + fn (x) dx.

(19)

0

[1] V. I. Burenkov, On the exact constant in the Hardy inequality with 0 < p < 1 for monotone functions, Trudy Mat.
Inst Math, 194 (1993), N4, 59-63.
[2] L. Bougoffa, On Minkowski and Hardy integrale inequalities, Jornal of Inequalities in pure and Applied Mathematics,
(2006), Volume 7, issue 2. Article 60.
[3] A. Senouci, T. Tararykova, Hardy-type inequality for 0 < p < 1, Evraziiskii Matematicheskii Zhurnal, 2 (2007),
112-116.

Nikol’skij-Besov Spaces Built on Morrey Spaces
Winfried Sickel
Institute of Mathematics
Friedrich-Schiller University Jena, Germany
winfried.sickel@uni-jena.de
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s
The first half of the talk will be devoted to the introduction of periodic Nikol’skij-Besov spaces Nu,p,q
(Td ) built on
Morrey spaces. We shall discuss characterizations by approximation as well as characterizations by differences. A few
remarks to interpolation of theses classes will be made as well. In a second part we shall deal with embeddings of these
classes. In particular, we will be interested in the asymptotic behaviour of the approximation numbers of embeddings of
theses spaces into L∞ (Td ).
Key words: Besov spaces; Morrey spaces, Morrey smoothness spaces, embeddings, approximation numbers.

The talk is based on collaborations with M. Sautbekova (Astana) and Z. Baituyakova (Astana).
[1] M. Sautbekova and W. Sickel, Strong summability of Fourier series and Morrey spaces, Analysis Mathematica 40
(2014), 31-62.
[2] Z. Baituyakova and W. Sickel, Strong summability of Fourier series and generalized Morrey spaces, Analysis Mathematica (to appear).

Spectral Comparison of Smoothing Estimates
Mitsuru Sugimoto
Graduate School of Mathematics
Nagoya University, Japan
sugimoto@math.nagoya-u.ac.jp

In this talk, smoothing estimates for abstract Schrödinger equations
(
i∂t u(t) = Hu(t)
u(0) = f ∈ H
will be discussed, where H is a self-adjoint operator on a Hilbert space H, by developping comparison principle which
was first introduced in [1] for the case
H = L2 (Rn ),
H = a(Dx )
with real-valued functions a(ξ). Comparison principle is a general rule to derive a smoothing estimate for u(t) = eitH
e
from that for v(t) = eitH . We will allow to compare them in terms of their spectral densities. A number of applications
will be given, in particular for Schrödinger equations on the Euclidean space with potentials.
The talk is based on collaborations with Matania Ben-Artzi (Hebrew University) and Michael Ruzhansky (Imperial College
London).
[1] M. Ruzhansky., M. Sugimoto, Smoothing properties of evolution equations via canonical transforms and comparison
principle, Proc. Lond. Math. Soc. 105 (2012), 393–423.

Elements of potential theory on Carnot groups
Durvudkhan Suragan
Institute of Mathematics and Mathematical Modeling
Almaty, Kazakhstan
suragan@math.kz

We talk about elements of potential theory for the sub-Laplacian on homogeneous Carnot groups. In particular, we
show continuity of the single layer potential and establish the Plemelj type jump relations for the double layer potential.
We present an adapted divergence formula as well as the sub-Laplacian versions of Green’s first and second formulae on
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homogeneous Carnot groups. As a consequence, we derive the formula for the trace to smooth surfaces of the Newton
potential for the sub-Laplacian. We also give a refined local version of Hardy’s inequality.
The talk is based on collaborations with Michael Ruzhansky [1].
[1] M. Ruzhansky, D. Suragan, Layer potentials, Kac’s problem, and refined Hardy inequality on homogeneous Carnot
groups, Advances in Mathematics 308 (2017), 483-528.

Nonharmonic Analysis and its Applications
Niyaz Tokmagambetov
Department of Fundamental Mathematics
Al-Farabi Kazakh National University, Almaty, Kazakhstan
niyaz.tokmagambetov@gmail.com

Here, we will talk about Nonharmonic Analysis and its applications into PDEs and nonlinear equations. In particular,
we derive an explicit formula for the quantization of pseudo–differential operators generated by model operators.
The talk is based on collaborations with Michael Ruzhansky.

On stability of inverse scattering problem on a sun-type graph
Igor Trooshin
Global Learning Centre, IEHE
Tohoku University, Sendai, Japan
trushin@m.tohoku.ac.jp

We investigate an inverse scattering problem for a Sturm-Liouvile operator on a sun-type graph which consists of a
loop and half lines joined at the different points of the loop with natural Kirchhoff matching conditions at vertices. We
have deduced Marchenko equation ([1]-[3]) which allowed us to prove the uniqueness theorems, provide a reconstruction
procedure for the potential on the half lines and investigate the conditional stability of the inverse scattering problem,
based on the knowledge of scattering matrix and point spectrum.
The talk is based on collaborations with Prof. K.Mochizuki, Tokyo Metropolitan University (Emiritus).
[1] V. Marchenko, K. Mochizuki and I. Trooshin, Inverse scattering on a graph containing circle ( Analytic methods of
analysis and differential equations: AMADE 2006 )(Cambridge: Camb. Sci. Publ), (2008), 237-243.
[2] K. Mochizuki , I.Trooshin, On the scattering on a loop-shaped graph, ”Evolution Equations of Hyperbolic and
Schrodinger Type”, Progress in Mathematics 301, Springer,(2012), 227-245.
[3] K. Mochizuki , I. Trooshin On Inverse Scattering on a Sun-Type Graph, New Trends in Analysis and Interdisciplinary
Applications, Trends in Mathematics Research Perspectives, Birkhauser, Springer (2017), 307-313.

Quantizations and time-frequency transforms
Ville Turunen
Department of Mathematics and Systems Analysis
Aalto University, Finland
ville.turunen@aalto.fi
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A Cohen class time-frequency transform of signals u, v : R → C is a time-frequency invariant sesquilinear mapping
(u, v) 7→ C(u, v), where the time-frequency distribution
b→R
C[u] = C(u, u) : R × R
can be thought as a phase-space energy density of u. For instance, all the spectrograms are such energy densities. We
study properties of different time-frequency transforms C and their related pseudo-differential operator quantizations
a 7→ aC defined by the Hilbert space duality
hu, aC viL2 (R) = hC(u, v), aiL2 (R×R)
b .
We also present computed examples from acoustic signal processing, quantum mechanics and medical sciences. When and
how often something happens in signals? By properly quantizing these questions, we obtain the Born–Jordan transform.
[1] V. Turunen, Born–Jordan time-frequency analysis. Harmonic Analysis and Nonlinear Partial Differential Equations,
eds. H. Kubo and M. Sugimoto. RIM S K ôky ûroku Bessatsu B56, Research Institute of Mathematical Sciences, Kyoto
University (2016), 107–186.

On Dissipative Nonlinear Evolutional Pseudo-Differential Equations
Baoxiang Wang
School of Mathematical Sciences
University of Beijing, China
wbx@pku.edu.cn

In this paper we consider the Cauchy problem for the dissipative evolutionary pseudo-differential equation

∂t u + A(x, D)u = F (∂xα u)|α|≤κ , u(0, x) = u0 (x),
where A(x, D) is a dissipative pseudo-differential operator and F (z) is a multi-polynomial. We will develop the uniform
decomposition techniques to both physical and frequency spaces to study its local well posedness in modulation spaces
s
Mp,q
and in Sobolev spaces H s . Moreover, the local solution can be extended to a global one in L2 and in H s (s > κ+d/2)
for certain nonlinearities.
The talk is based on collaborations with Mingjuan Chen and M. W. Wong.

Non-commutative Fourier multipliers, differential operators and calculus
Jens Wirth
Department of Mathematics
University of Stuttgart, Germany
jens.wirth@mathematik.uni-stuttgart.de

Classical Fourier analysis on Euclidean space is the main tool to study translation invariant operators. Replacing the
translation group by more general Lie groups, i.e. considering different notions of symmetries, leads us to questions
concerning non-commutative Fourier multipliers and their basic properties. These operators are characterised by their
action on irreducible representations of the group and lead to natural notions of symbols. One of the key questions
arising for such operators are boundedness properties and their characterisation in terms of the associated symbols.
We review some of the recent results in this direction and show how estimates for and the calculus of operators on groups
is intrinsically connected to the representation theory of the group.
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New classes of the index transforms and higher order PDEs
Semyon Yakubovich
Department of Mathematics
University of Porto, Portugal
syakubov@fc.up.pt

We discuss new index transforms, which are associated with the modified Bessel functions as the kernel. The boundedness
and invertibility are examined for these operators in the Lebesgue weighted spaces. Inversion theorems are proved.
Important particular cases are exhibited. The results are applied to solve boundary value problems for higher order
PDE, involving the Laplacian.

Hardy inequalities for Baouendi-Grushin operator with Aharonov-Bohm type magnetic field
and for twisted Laplacian
Nurgissa Yessirkegenov
Department of Mathematics
Imperial College London, UK
n.yessirkegenov15@imperial.ac.uk

In [1] for the quadratic form of the following magnetic Grushin operator
GA = −(∇G + iβA0 )2 ,
the following Hardy inequality for −1/2 ≤ β ≤ 1/2 was proved:
Z
Z
|z|2 2
|(∇G + iβA0 )f |2 dzdt ≥ (1 + β 2 )
|f | dzdt,
4
R3
R3 d


p
∂ d
where A0 = (A1 , A2 , A3 , A4 ) = − yd , ∂xd d , −2y ∂dt d , 2x ∂dt d , ∇G = (∂x , ∂y , 2x∂t , 2y∂t ) with z = (x, y), |z| = x2 + y 2 ,
1

β ∈ R is a flux and d(z, t) = (|z|4 + t2 ) 4 is the Kaplan distance.
In this talk, we discuss the more general form of this result with sharp constant. For this, we give refinements of the
known Hardy inequalities for the Baouendi-Grushin operator involving radial derivatives in some of the variables. We are
also interested in the Hardy inequalities for the quadratic form of the Laplacian with the Landau Hamiltonian magnetic
field. Moreover, the estimates for the remainder terms of these inequalities are obtained.
The talk is based on collaborations with Professors A.Laptev and M.Ruzhansky [2].
[1] Laptev A., Aermark L., Hardy inequalities for a magnetic Grushin operator with Aharonov-Bohm type magnetic field,
Algebra i Analiz 23 (2011), 203-208.
[2] Laptev A., Ruzhansky M., Yessirkegenov N., Hardy inequalities for Landau Hamiltonian and for Baouendi-Grushin
operator with Aharonov-Bohm type magnetic field. Part I, arXiv:1705.00062 (2017).
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Spectral stability of small amplitude solitary waves of the Dirac equation with the Soler-type
nonlinearity

Nabile BOUSSÏD
Laboratoire de Mathématiques de Besançon
Université Bourgogne Franche-Comté, France
nabile.boussaid@univ-fcomte.fr

We study the point spectrum of the linearization at a solitary wave solution φω (x)e−iωt to the nonlinear Dirac equation
in Rn , n ≥ 1, with the nonlinear term given by f (ψ ∗ βψ)βψ (known as the Soler model). We focus on the spectral
stability, that is, the absence of eigenvalues with nonzero real part, in the non-relativistic limit ω . m, in the case when
f ∈ C 1 (R \ {0}), f (τ ) = |τ |k + O(|τ |K ) for τ → 0, with 0 < k < K. For n = 1 and n ≥ 3, we prove the spectral stability
of small amplitude solitary waves (ω . m) for the charge-subcritical cases k . 2/n (1 < k ≤ 2 when n = 1) and for the
“charge-critical case” k = 2/n, K > 4/n.
An important part of the stability analysis is the proof of the absence of bifurcations of nonzero-real-part eigenvalues
from the embedded threshold points at ±2mi. Our approach is based on constructing a new family of exact bi-frequency
solitary wave solutions in the Soler model, on using this family to determine the multiplicity of ±2ωi eigenvalues of the
linearized operator, and on the analysis of the behaviour of “nonlinear eigenvalues” (characteristic roots of holomorphic
operator-valued functions).
The talk is based on collaborations with Andrew Comech (Texas A&M University (USA), St. Petersburg State University (Russia) & Institute for Information Transmission Problems (Russia)): Boussaid, N., & Comech, A. 2017,
arXiv:1705.05481
N. Boussaid and A. Comech, Soler model: stability, bi-frequency solitons, and SU(1,1), talk at Emergent Paradigms in
Nonlinear Complexity workshop (Santa Fe, NM) (2015).
N. Boussaı̈d and A. Comech, On spectral stability of the nonlinear Dirac equation, J. Funct. Anal. 271 (2016), pp.
1462–1524.
N. Boussaid and A. Comech, Nonrelativistic asymptotics of solitary waves in the Dirac equation with the Soler-type
nonlinearity, SIAM Journal on Mathematical Analysis (2017), to appear, arXiv:1606.07308.

A class of the elliptic systems with even functionals

Q-Heung Choi
Department of Mathematics Education
Inha University, Incheon 402-751, Korea
qheung@inha.ac.kr

We get a result that shows the existence of infinitely many solutions for a class of the elliptic systems involving subcritical
Sobolev exponents nonlinear terms with even functionals on the bounded domain with smooth boundary. We get this
result by variational method and critical point theory induced from invariant subspaces and invariant functional.
The talk is based on collaborations with Tacksun Jung.
[1] K. C. Chang, Infinite dimensional Morse theory and multiple solution problems, Birkhäuser, (1993).
[2] M. Ghergu and V. D. Rǎdulescu, Singular elliptic problems Bifurcation and Asymptotic Analysis, Clarendon Press
Oxford 2008.
[3] Rabinowitz, P. H., Minimax methods in critical point theory with applications to differential equations, CBMS. Regional
conf. Ser. Math., 65, Amer. Math. Soc., Providence, Rhode Island (1986).
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Incompressible limits for generalisations to symmetrisable systems

Michael Dreher
Institute of Mathematics
University of Rostock, Germany
michael.dreher@uni-rostock.de

We start from systems of fluid dynamics such as the Euler system of gas dynamics, or from semiconductor systems with
and without quantum effects. The presence of quantum effects will introduce a mixed-order structure (in the sense of
Douglis–Nirenberg) to the stationary system. It is well-known that there are various mechanisms which can make the
flow incompressible, such as the low Mach number limit, or the quasi-neutral limit in case of systems of transport of
electrically charged particles.
The talk presents a general functional analytical framework for handling all these limits, in the context of symmetrisable
systems. The mixed-order structure is being taken care of by choosing an operator-valued symmetrising matrix.

Three Nontrivial Solutions for a Nonlinear Fractional Laplacian Problem

Fatma Gamze Duzgun
Department of Mathematics
University of Hacettepe, Ankara, Turkey
gamzeduz@hacettepe.edu.tr

We consider the problem
(

(−∆)s u = f (x, u)
u=0

in Ω
in Ωc ,

(1.1)

where Ω ⊂ RN (N > 1) is a bounded domain with a C 2 boundary, s ∈ (0, 1), and f : Ω × R → R is a Carathéodory
function. The fractional Laplacian operator is defined for any sufficiently smooth function u : RN → R and all x ∈ R by
(−∆)s u(x) = CN,s lim

ε→0+

Z
RN \Bε (x)

u(x) − u(y)
dy,
|x − y|N +2s

where Bε (x) is the open ball of radius ε > 0 centered at x and CN,s > 0 is a suitable normalization constant. For
the existence of three nontrivial solutions of problem (1.1), we make use of the second deformation theorem and some
spectral properties of (−∆)s if f (x, .) is sublinear at infinity and make use of the mountain pass theorem and Morse
theory if f (x, .) is superlinear at infinity.
The talk is based on collaborations with Antonio Iannizzotto.
[1] Fatma Gamze Duzgun, Antonio Iannizzotto, Three nontrivial solutions for nonlinear fractional Laplacian equations,
Advances in Nonlinear Analysis, ISSN (Online) 2191-950X, ISSN (Print) 2191-9496, DOI: https://doi.org/10.1515/anona2016-0090 (2016).
[2] Antonio Iannizzotto, Sunra Mosconi, Marco Squassina, H s versus C 0 -weighted minimizers,, Nonlinear Differ. Equ.
Appl. 22 (2015), 477-497.
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Scattering for Nonlinear Klein-Gordon equations on product spaces.
Part II: large data scattering.
Luigi Forcella
Faculty of Mathematical and Natural Sciences
Scuola Normale Superiore, Pisa, Italy
luigi.forcella@sns.it

In this talk, we will study the large time behavior of nonlinear dispersive PDEs, and will focus on the particular case
of the Klein-Gordon equation. The behavior of such equations is well-known on the euclidean space Rd : one can make
a comparison, in some sense, with solutions of the linear equation (“scattering”). On the other hand, this kind of phenomenon does not appear on compact riemannian manifolds such as the k−dimensional flat torus Tk . Our aim is to
understand the leading behavior when one mixes the spaces, namely, if the equation is posed on a product space of the
form Rd × Tk .
After having proved, in Part I, the validity of the Strichartz estimates tool, in this second part of the talk, the case of
large data scattering will be handle. The proof of the scattering property for defocusing power nonlinearity will be given
by employing a concentration-compactness and rigidity argument.
The talk is based on collaborations with Professor N. Visciglia (University of Pisa) and Dr. L. Hari (UFC, Besançon).

Higher order fractional Leibniz rule
Kazumasa Fujiwara
Department of Pure and Applied Physics
Waseda University, Tokyo, Japan
k-fujiwara@asagi.waseda.jp

One of the most important tools to obtain local well-posedness of nonlinear equations of mathematical physics is based
on the bilinear estimate of the form
kDs (f g)kLp ≤ CkDs f kLp1 kgkLp2 + Ckf kLp3 kDs gkLp4 ,
s

s/2

s

p

p

n

(20)
n

where D = (−∆)
is a Fourier multiplier with symbol |ξ| and s ∈ R, L = L (R ) and f, g ∈ S(R ). A typical
domain for parameters s, p, pj , j = 1, · · · , 4, where (20) is valid is
s > 0, 1 < p, p1 , p2 , p3 , p4 < ∞, 1/p = 1/p1 + 1/p2 = 1/p3 + 1/p4 .
Classical proof can be found in [1]. Another estimate showing the flexibility in the redistribution of fractional derivatives
can be deduced. More precisely, Kenig, Ponce, and Vega [2] obtained the estimate
kDs (f g) − f Ds g − gDs f kLp ≤ CkDs1 f kLp1 kDs2 gkLp2 ,

(21)

provided
0 < s = s1 + s2 < 1, s1 , s2 ≥ 0,

1 < p, p1 , p2 < ∞, 1/p = 1/p1 + 1/p2 .

One can interpret the bilinear form
Cors (f, g) = f Ds g + gDs f
as a correction term such that for any redistribution of the order s of the derivatives. In this talk, we show Cors (f, g)
for s ≥ 1.
The talk is based on collaborations with professors Vladimir Georgiev and Tohru Ozawa.
[1] L. Grafakos, Z. Si, The Hörmander multiplier theorem for multilinear operators, J. Reine Angew. Math., 668(2012),
133–147.
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[2] C. E. Kenig, G. Ponce, and L. Vega, Well-posedness and scattering results for the generalized Korteweg-de Vries
equation via the contraction principle, Comm. Pure Appl. Math., 46(1993), 527–620.

Scattering for Nonlinear Klein-Gordon equations on product spaces.
Part I: small data scattering

Lysianne Hari
Laboratoire de Mathématiques
University of Bourgogne Franche Comté, Besançon, France
lysianne.hari@univ-fcomte.fr

In this talk, we will study the large time behavior of nonlinear dispersive PDEs, and will focus on the particular case
of the Klein-Gordon equation. The behavior of such equations is well-known on the euclidean space Rd : one can make
a comparison, in some sense, with solutions of the linear equation (“scattering”). On the other hand, this kind of phenomenon does not appear on compact riemannian manifolds such as the k−dimensional flat torus Tk . Our aim is to
understand the leading behavior when one mixes the spaces, namely, if the equation is posed on a product space of the
form Rd × Tk .
In this first part of the talk, we will prove that Strichartz estimates are available even on a product space with trapped
variables and will deduce small data scattering. The case of large data scattering will be handle in Part II and it will
rely on a concentration-compactness and rigidity scheme.
The talk is based on collaborations with Professor N. Visciglia (University of Pisa) and L. Forcella (Scuola Normale
Superiore, Pisa).

Elliptic system with singular nonlinearity

Tacksun Jung
Department of Mathematics
Kunsan National University, Korea
tsjung@kunsan.ac.kr

We investigate multiplicity of solutions for the elliptic system with singular nonlinearity. We obtain a theorem which
shows that the elliptic system with some singular nonlinearity has infinitely many solutions. We get this result by using
the variational method, critical point theory and homology theory.
The talk is based on collaborations with Q-Heung Choi.
[1] R. Bott, Nondegenerate critical manifolds, Ann. of Math. 60, 248-261(1954).
[2] M. Ghergu and V. Rádulescu, Singular elliptic problems, bifurcation and asymptotic analysis, Oxford Lecture Series
in Mathematics and Its Applications, Oxford University Press, 37, (2008). 008).
[3] V. Rǎdulescu, Singular phenomena in nonlinear elliptic problems, From blow-up boundary solutions to equations
with singular nonlinearities, in Handbook of Differential Equations: Stationary Partial Differential Equations, Vol. 4,
North-Holland Elsevier Science, Amsterdam, 483-591 (2007).
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Well-posedness for the Cauchy problem of the Klein-Gordon-Zakharov system in 2D and 3D
Shinya Kinoshita
Graduate School of Mathematics
Nagoya University, Japan
m12018b@math.nagoya-u.ac.jp

We consider the Cauchy problem of 2D and 3D Klein-Gordon-Zakharov system (KGZ) with very low regularity initial
data.
(
(∂t2 − ∆ + 1)u = −nu,
(∂t2 − c2 ∆)n = ∆|u|2 .
(KGZ) describes the interaction of the Langmuir wave and the ion acoustic wave in a plasma. We prove the local in
time well-posedness for (KGZ) by using the Fourier restriction norm method. We show the bilinear X s,b estimates which
are crucial to get the well-posedness. We employ the nonlinear version of the classical Loomis-Whitney inequality which
enable us to estimate bad bilinear interactions.

Local energy decay estimates for wave equation on exterior domains
Tokio Matsuyama
Department of Mathematics
Chuo University, Tokyo, Japan
tokio@math.chuo-u.ac.jp

This talk is devoted to studying the local energy decay estimates for 3-dimensional wave equation to the initial-boundary
value problem on exterior domains. The geometrical assumptions on domains are rather general, for example nontrapping condition is not imposed in the local energy decay result.
The talk is based on collaborations with Vladimir Georgiev of Pisa.

Smoothing properties and scattering for magnetic Klein-Gordon equations in exterior domain
with time dependent perturbations
Kiyoshi Mochizuki
Department of Mathematics
Chuo University, Tokyo, Emeritus of Tokyo Metropolitan University
mochizkuk@math.chuo-u.ac.jp

This talk deals with the smoothing properties and scattering of solutions to magnetic Klein-Gordon equations in exterior
domain with time dependent small perturbations. Smoothing properties based on the resolvent estimates will reinforce
the abstract scattering theory, and our concrete problems are treated in this framework.

Mixing and limit theorems for a damped nonlinear wave equation with space-time localised
noise
Rim Nasfi
Department of Mathematics
University of Tunis El Manar, Tunisia
rim.nasfi@fst.utm.tn
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In this talk we deal with a damped nonlinear wave equation perturbed by a space-time localised noise, in a bounded
domain with a smooth boundary. It is assumed that the random perturbation is non degenerate, it has a support localized
in space and time, and its law is periodic in time. Under these hypotheses, we show that the Markov process generated
by the solution possesses a unique stationary measure, and the law of any solution converges to this measure with
exponential rate in the dual-Lipschitz norm. The proof is based on a coupling approach and a property of stabilisation to
a non stationary solution of a nonlinear wave equation. Moreover, we use these results to prove that the solution of the
equation fulfills the strong law of large numbers along with the central limit theorem and to estimate the corresponding
rates of convergence. Finally, under a non-degeneracy assumption, we prove a local large deviation principal for this
system.
The talk is based on collaborations with PDEs Laboratory, Department of Mathematics, Faculty of sciences El Manar
Tunis.
[1] K. Ammari and T. Duyckaerts and A. Shirikyan, Local feedback stabilisation to a non-stationary solution for a damped
non-linear wave equation, Math. Control Related. Fields, 6 (2016), pp. 1–25.
[2] V. Barbu and G. Da Prato, The stochastic nonlinear damped wave equation, Appl. Math. Optim., 46 (2002), pp.
125–141.
[3] M. Hairer, Exponential mixing properties of stochastic PDEs through asymptotic coupling, Probab. Theory Related
Fields, 124 (2002), pp. 345–380.
[4] S. Kuksin and A. Shirikyan, Mathematics of two-Dimensional Turbulence, Cambridge University Press, Cambridge,
2012.

Ill-posedness for the Cauchy problem of the compressible Navier-Stokes system in the critical
Besov space – the barotropic case
Takayoshi Ogawa
Mathematical Institute
Tohoku University, Sendai, Japan
ogawa@math.tohoku.ac.jp

We consider the Cauchy problem of the compressible Navier-Stokes system of barotropic type:

∂t ρ + div ((1 + ρ)u) = 0,





1


∇P (ρ)
∂t u + (u · ∇)u +


1+ρ



1
1
=
µ∆u + (µ + λ)∇div u ≡
Lu,


1
+
ρ
1
+
ρ



α


P (ρ) = ρ



 ρ(0, x) = ρ (x), u(0, x) = u (x),
0

0

t > 0, x ∈ Rn ,

(cNS)

t > 0, x ∈ Rn ,
t > 0, x ∈ Rn ,
t = 0, x ∈ Rn ,

where ρ, u are the unknown functions denoting the density and velocity of fluids, λ, µ are the Lamé constants and
α ≥ 1. Applying the Fujita-Kato principle, it is known that the system is uniquely solvable in the scaling critical
n

−1+ n

p
Besov spaces Ḃp,1
(Rn ) × Ḃp,1 p (Rn ) for p < 2n (Danchin [Inv. Math. 2000], Haspot [JDE 2015]), and it is ill-posed
for p > 2n (Chen-Miao-Zhang [RevMIAmeri 2015]). We show the strong discontinuity for the solution corresponding
n

−1+ n

p
integral equation to (cNS) occurs and it is ill-posed in the critical homogeneous Besov space Ḃp,1
(Rn ) × Ḃp,1 p (Rn )
with p = 2n. The argument depends on finding a typical initial data that develops the diverging second order iteration
for the related integral equation. The striking difference from the other case of the exponent p > 2n is that the worst
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term from the convection term is canceling with the term from the linearized quasi-linear viscosity term and we need
finer analysis to show the strong discontinuity for the solution.
This is a joint work with Tsukasa Iwabuchi.

Partial differential equations of quantum physics

Israel Michael Sigal
Dept. of Mathematics
University of Toronto, Canada
im.sigal@utoronto.ca

The goal of the talk is to give an informal overview of the active area of partial differential equations of quantum physics.
I will indicate very briefly some of the recent results. I will begin with the key many-body Schödinger equation and
then proceed to the effective nonlinear equations: the Hartree, Hartree-Fock, Hartree-Fock-Bogolubov and Bogolubov-de
Gennes equations. The latter two describe quantum fluids: superfluids and superconductors. If time permits I will say
a few words about the Ginzburg-Landau and Yang-Mills-Higgs equations and their relations to geometry.
The talk is based on joint work with Li Chen and with V. Bach, S. Breteaux, Th. Chen and J. Fröhlich. We might
mention results with T. Tsaneteas and with D. Chouchkov, N. Ercolani and S. Rayan.

Blow-up for semilinear damped wave equations with super-Fujita exponent

Hiroyuki Takamura
Department of Complex and Intelligent Systems
Future University Hakodate, Japan
e-mail: takamura@fun.ac.jp

The blow-up result for semilinear damped wave equations is well-studied for sub-Fujita exponent. On the other hand,
there has been only one for super-Fujita exponent by Wakasugi [3] in the non-effective case of the scale invariant damping.
In this talk, I would like to introduce you that the blow-up result in [1] can be obtained not only for super-Fujita exponent,
but also for bigger one which is closely related to Strauss exponent, the critical number for non-damped case. Such a
result is established for a new domain of the constant in the scale invariant damping term, which includes a part of
the outside of non-effective range. Moreover, I would like to mention to sub-Strauss blow-up result in [2] for semilinear
damped wave equations in the scattering range.
The talk is based on collaborations with Lai Ning-An (Lishui Univ. China) and Kyouhei Wakasa (Muroran Institute of
Technology, Japan).
[1] Lai N.-A., Takamura H., Wakasa K., Blow-up for semilinear wave equations with the scale invariant damping and
super-Fujita exponent, arXiv1701.03232.
[2] Lai N.-A., Takamura H., Blow-up for semilinear damped wave equations in the scattering range with sub-Strauss
exponent, in preperation.
[3] Wakasugi Y., Critical exponent for the semilinear wave equation with scale invariant damping, Fourier analysis,
375-390, Trends Math., Birkhäuser/Springer, Cham, (2014).

74

Numerical modeling of the one Musket – Leverett’s filtration model by Monte Carlo methods
Kanat Shakenov
Department of Mathematical and Computer Modeling
al-Farabi Kazakh National University, Almaty, Kazakhstan
shakenov2000@mail.ru

We consider the filtration problems with non-Newtonian properties and generalization of Darcy laws for incompressible
components of mixture for the nonlinear law of medium resistance. This results in consideration of two nonlinear form
of Darcy laws:
vi = ui + (−1)i F0 , F0 = Φ(s, w)w; vi = Φ(w)ui , i = 1, 2,
(22)
that corresponds to system of equations (in linear case) - Musket-Leverett’s filtration model - relative to saturation s(t, x)
and pressure p(t, x):

m∂t s(t, x) = div Φn K0 grad s(t, x) − bv + F + (1 − n)F0 , n = 0, 1,
(23)

div Φn K grad p(t, x) + f = 0, n = 0, 1.
(24)

Here Φi = pi + ρi gh is a potential, g = g∇h, ui = −Ki ∇pi + ρi g , w = |w|, the w is equal to one of the ui , v or
with K0 ∇pc , what corresponds to an assumption of realization of typical nonlinear Darcy law for component ui , also
to an assumption of proportionality of interaction forces to the total consumption of the mixture or to an assumption
of prioritized effect of capillary forces on process of component interaction. Initial boundary problem for (2), (3). The
filtration stream is given in a finite domain Ω with piecewise-smooth boundary ∂Ω. This boundary ∂Ω may be divided
to several connected components ∂Ωi . Let Q = [0, T ] × Ω, Gi = [0, T ] × ∂Ωi , n is external normal to ∂Ω. The non-fluxion
condition on ∂Ω0 for two phases is equivalents to:
v · n = v1 · n = 0, (t, x) ∈ G0 = [0, T ] × ∂Ω0 .

(25)

Then
p = p0 (t, x), s = s0 (t, x), (t, x) ∈ G2 = [0, T ] × ∂Ω2 ,

− K∇p + f · n ≡ v · n = R(t, x), (t, x) ∈ G1 = [0, T ] × ∂Ω1 ,

− K0 a∇s + K1 ∇p + f0 · n ≡ v1 · n = bR(t, x), (t, x) ∈ G1 .
It is sufficient to set the initial condition only for saturation s(t, x):

(26)
(27)
(28)

s(0, x) = s0 (x), x ∈ Ω.

(29)

Here
k01 k02
k01
a = −∂s pc
, k = k01 + k02 , b =
≡ K1 K −1 , f0 = K1
k
k

Z1
∇∂s pc

k02
,
k

s

Ki = k0i K0 , i = 1, 2, f = KK1−1 f0 + K2 ∇pc + K2 (ρ2 − ρ1 )g, K = K1 + K2 ,

F = f0 − bf = −k01 k02 k−1 K0 ∇pc + (ρ2 − ρ1 )g . [1]. The equations (2), (3) and initial boundary conditions (4) – (8) are
discretized only by variable t by means of implicit scheme. As a result we have the following equations for time layers
tn+1 with respect to sn+1 (x) and pn+1 (x):
Ls sn+1 = Dn (x), x ∈ Ω,
(30)
Lp pn+1 = C n (x), x ∈ Ω.
(31)
If input data (coefficients and functions) of problems (2), (3), (4) – (8) provides ellipticity of operators Ls and Lp , then
we have the following Theorem The algorithms ”random walk on spheres”, ”random walk on balls” and ”random walk
on lattices” of Monte Carlo methods are applicable to problems (30) and (31) [2], [3].
[1] Antontcev S.N., Kazhikhov A.V., Monakhov V.N., Boundary problems of the mechanics of heterogeneous fluids,
Novosibirsk, Nauka (1983).
[2] Smagulov Sh., Shakenov K.K., Monte Carlo methods in hydrodynamics and filtrations, Almaty, Publishing House
”Kazakh University” (1999).
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[3] Shakenov Kanat, Numerical Modeling of the one Model of Filtration Process by Monte Carlo Methods Series ”Applied and Numerical Harmonic Analysis”. Book ”Methods of Fourier Analysis and Approximation Theory”. Springer.
Berkhäuser (2016), 237-258.

Bilinear estimates in Besov spaces generated by the Dirichlet Laplacian
Koichi Taniguchi
Department of Mathematics
Chuo University, Tokyo, Japan
koichi-t@gug.math.chuo-u.ac.jp

In this talk we consider the bilinear estimates in Besov spaces generated by the Dirichlet Laplacian, which were introduced
on an open set in [1]. These estimates would be one of important tools to study the well-posedness for the initial-boundary
value problem to nonlinear differential equations. These estimates are proved by the gradient estimates for heat semigroup
together with the Bony paraproduct formula and boundedness of spectral multipliers for the Dirichlet Laplacian.
The talk is based on collaborations with Professors Tsukasa Iwabuchi of Tohoku University and Tokio Matsuyama of
Chuo University.
[1] T. Iwabuchi, T. Matsuyama, and K. Taniguchi, Besov spaces on open sets, arXiv:1603.01334 (2016).
[2] T. Iwabuchi, T. Matsuyama, and K. Taniguchi, Boundedness of spectral multipliers for Schrödinger operators on open
sets, to appear in Rev. Mat. Iberoam.
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P-adic analysis
Organizers: A. Escassut, A. Khrennikov, K.O. Lindahl
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p-Adic Model of Fluid in the Porous Medium
Alexandra Antoniouk
Institute of Mathematics
National Academy of Sciences of Ukraine, Kiev, Ukraine
antoniouk.a@gmail.com

Using a p-adic interpretation of a porous medium proposed in [1] and the hydrodynamic description of fluids in a porous
medium given in [2], we develop a non-Archimedean mathematical model of fluid propagating through a porous medium.
This is done in terms of a non-homogeneous Markov process, in the sense of [3]. We find the generator of that process.
The talk is based on collaborations with Andrei Khrennikov, Linnæus University, Sweden, and Anatoly N. Kochubei,
Institute of Mathematics, Kiev, Ukraine.
[1] A. Khrennikov, K. Oleschko and M. J. Correa Lopez, Application of p-adic wavelets to model reaction-diffusion
dynamics in random porous media, J. Fourier Anal. Appl. 22 (2016), 809-822.
[2] Shou D., Ye L., Fan J. Treelike networks accelerating capillary flow, Phys. Rev. E, 89 (2014), art. 053007.
[3] S. E. Kuznetsov, Nonhomogeneous Markov processes, Journal of Soviet Mathematics 25 (1984), 1380-1498.

Nevanlinna Theory outside of a hole

Alain Escassut
Mathematical institute Blaise Pascal, Clermont University, France
skaya@pirireis.edu.tr

Let K be an algebraically closed field of characteristic 0, complete with respect to an ultrametric absolute value. We
establish a Nevanlinna Theory for meromorphic functions outside of a hole in K. We also give several applications of
the theory to meromorphic functions outside a hole, such as on parametrization of elliptic and hyper-elliptic curves and
results on branched values for p-adic meromorphic functions. Motzkin Factors, known for analytic elements, play here
an essential role.
The talk is based on collaborations with Ta Thi Hoai An.

Applications of P -adic and ultrametric diffusion to model flows in capillary networks in porous
media
Andrei Khrennikov
International Center for Mathematical Modelling in Physics and Cognitive Sciences
Linnæus University, Växjö, Sweden
Andrei.Khrennikov@lnu.se

During the last 15 years p-adics has been actively applied to a variety of problems of theoretical physics (string theory,
cosmology, quantum theory, disordered systems - spin glasses) and biology (modeling of the process of thinking and
genetics). Recently [1] p-adics and especially theory of p-adic wavelets started to be applied to geophysics, e.g., to
modeling of the diffusion dynamics in random porous media, e.g., flow of fluid (oil, water, oil-in-water or water-in-oil
emulsions and droplets) in a complex network of pores with known topology. The present paper is of conceptual nature:
we want to discuss in very general setting possibilities of applications of p-adics to geophysics, by using p-adic diffusion
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representation of the master equations for transition of fluid between capillaries in porous media, and formulate a number
of mathematical problems which have to be solved - to proceed further with such applications. We also stress the role of
p-adic wavelets as the powerful tool to obtain analytic solutions of diffusion equations. Since p-adic diffusion is a special
case of fractional diffusion and the latter closely coupled to the fractal structure of configuration space, p-adic geophyiscs
can be considered as a new approach to fractal modeling of geophysical processes which is the well established area of
research.
In spite of its mathematical beauty, the p-adic model does not reflect completely the complex branching structure of
trees of capillaries in random porous media. Therefore the use of general ultrametric spaces is very important for
concrete geological applications. Here we use theory of ultrametric wavelets and pseudo-differential operators which was
established by S. Kozyrev and A. Khrennikov.
[1] A. Khrennikov, K. Oleschko and M. de Jesus Correa Lopez, Modeling fluids dynamics with master equations in
ultrametric spaces representing the treelike structure of capillary networks, Entropy, 18 (2016), 249.

p-Adic Analogue of the Porous Medium Equation
Anatoly N. Kochubei
Institute of Mathematics
National Academy of Sciences of Ukraine, Kiev, Ukraine
kochubei@i.com.ua

We consider a nonlinear evolution equation for complex-valued functions of a real positive time variable and a p-adic
spatial variable. This equation is a non-Archimedean counterpart of the fractional porous medium equation. Developing,
as a tool, an L1 -theory of Vladimirov’s p-adic fractional differentiation operator, we prove m-accretivity of the appropriate
nonlinear operator, thus obtaining the existence and uniqueness of a mild solution. We give also an example of an explicit
solution of the p-adic porous medium equation.
The talk is based on collaborations with Andrei Khrennikov, Linnæus University, Sweden.

Linearization disks and geometric location of periodic points in p-adic and complex dynamics
Karl-Olof Lindahl
Department of Mathematics
Linnæus University, Växjö, Sweden
karl-olof.lindahl@lnu.se

In this talk we discuss the relation between the geometric location of periodic points and local linearization of power
series. In a recent paper [1] we use quadratic polynomials to show that periodic points are not the only obstruction for
linearization in p-adic dynamics. In so doing we provide the first known examples in the dynamics of p-adic polynomials
where the boundary of the linearization disk does not contain any periodic point. In fact, using a generalization by Kevin
Keating [2] of Sen’s Theorem [3] for lower ramification numbers of iterated power series, we localize all periodic points
inside the open unit disc. We also discuss corresponding results from the complex field case due to work of Yoccoz,
Perez-Marco, and Buff & Chéritat.
[1] Lindahl, Karl-Olof, Size of quadratic p-adic linearization disk, Advances in mathematics, 248 No. 25 (2013), 872–894.
[2] Keating, Kevin, Automorphisms and extensions of k((t)), Journal of Number Theory, 4 No. 3 (1992), 314–321.
[3] Shankar, Sen, On automorphisms of local fields, Annals of Mathematics, 90 (1969), 33-46.
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Spectrum of ultrametric Banach algebras of bounded derivable functions
Nicolas Mainetti
IUT de Clermont-Ferrand, Département GEA Aurillac
Université Clermont Auvergne, Clermont-Ferrand, France
nicolas.mainetti@uca.fr

Let K be an ultrametric complete field and let E be an open subset of K of strictly positive codiameter. Let L(E) be
the Banach K-algebra of bounded derivable Lipschitzian functions from E to K and let D(E) be the Banach K-algebra
of bounded strictly differentiable functions from E to K. It is shown that all elements of D(E) have a derivative that
is continuous in E and that D(E) is strictly included in L(E). Given a positive number r > 0, all functions that are
bounded and are analytic in all open disks of diameter r are strictly differentiable. Maximal ideals and continuous
multiplicative semi-norms on D(E) and on L(E) are studied by recalling the relation of contiguity on ultrafilters: an
equivalence relation. So, the maximal spectrum of D(E) (resp. L(E)) is in bijection with the set of equivalence classes
with respect to contiguity. Every prime ideal of D(E) (resp. L(E)) is included in a unique maximal ideal and every
prime closed ideal of D(E) (resp.L(E))) is a maximal ideal, hence every continuous multiplicative semi-norms on D(E)
(resp. L(E)) has a kernel that is a maximal ideal. If K is locally compact, every maximal ideal of D(E) (resp. L(E)) is of
codimension 1. Every maximal ideal of D(E) (resp. L(E)) is the kernel of a unique continuous multiplicative semi-norm
and every continuous multiplicative semi-norm is defined as the limit along an ultrafilter on E. Consequently, the set
of continuous multiplicative semi-norms defined by points of E is dense in the whole set of all continuous multiplicative
semi-norms. The Shilov boundary of D(E) (resp. L(E)) is equal to the whole set of continuous multiplicative seminorms. Many results are similar to those concerning algebras of uniformly continuous functions but some specific proofs
are required.
The talk is based on collaborations with Alain Escassut.

On the Levi-Civita Fields: Introduction and Survey of Recent Research
Khodr Shamseddine
Department of Physics & Astronomy
University of Manitoba, Winnipeg, Canada
khodr.shamseddine@umanitoba.ca

In this talk, I will introduce the Levi-Civita field R, which is the smallest non-Archimedean ordered field extension of
the real numbers that is real closed and complete in the order topology, and the complex field C := R + iR. Then I will
give a brief overview of selected topics of my work with my collaborators on R and C [1].
After reviewing the algebraic and topological structures of the fields [2], I will summarize the convergence and analytical
properties of power series over R and C, showing that they have the same smoothness behavior as real and complex power
series [3]. Then I will present a Lebesgue-like measure and integration theory on R which has been recently extended to
R2 and R3 [4].
A natural inner product can be defined on c0 , the space of null sequences of elements of C, which induces the sup-norm
of c0 . I will present characterizations of normal projections, adjoint and self-adjoint operators, and compact operators,
and I will review the properties of positive operators on c0 [5].
[1] http://www.physics.umanitoba.ca/˜khodr/#Publications.
[2] Khodr Shamseddine, On the topological structure of the Levi-Civita field, Journal of Mathematical Analysis and
Applications, 368 (2010), 281-292.
[3] Khodr Shamseddine, A brief survey of the study of power series and analytic functions on the Levi-Civita fields,
Contemporary Mathematics (American Mathematical Society), 596 (2013), 269-280.
[4] Khodr Shamseddine and Darren Flynn, Measure theory and Lebesgue-like integration in two and three dimensions
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over the Levi-Civita field, Contemporary Mathematics (American Mathematical Society), 665 (2016), 289- 325.
[5] José Aguayo, Miguel Nova, and Khodr Shamseddine, Positive operators on a free Banach space over the Levi-Civita
field, p-Adic Numbers, Ultrametric Analysis, and Applications, 9 # 2 (2017), 45-60.

On the bijective embedding of p-adic integers in the Cartesian product of p copies of the sets of
2-adic integers
Ekaterina Yurova Axelsson
Department of Mathematics
Linnæus University, Växjö, Sweden
Ekaterina.Yurova@lnu.se

We study bijective embedding of p-adic integers in the Cartesian product of p copies of the sets of 2-adic integers. This
embedding allows explicitly specify any p-adic integer through p specially selected 2-adic numbers. This representation
can be used in p-adic Mathematical Physics, for example, in justifying choice of the parameter p.
[1] S. Albeverio, A. Khrennikov, B. Tirozzi, D. De Smedt, p-adic dynamical systems, Theoretical and Mathematical
Physics 114 (1998), 276-287.
[2] B. Dragovich, A. Khrennikov, S. V. Kozyrev and I. V. Volovich, On p-adic mathematical physics, P-Adic Numbers,
Ultrametric Analysis, and Applications 1 (1) (2009), 1-17.
[3] M. S. El Naschie, P-Adic unification of the fundamental forces and the standard model, Chaos Solitons & Fractals 38
(2008), 1011-1012.
[4] A. Khrennikov, E. Yurova, Criteria of ergodicity for p-adic dynamical systems in terms of coordinate functions, Chaos,
Solitons & Fractals 60 (2014), 11-30.
[5] K. Mahler, p-adic numbers and their functions, Cambridge Univ. Press (1981).
[6] W.H. Schikhof, Ultrametric calculus. An introduction to p-adic analysis, Cambridge: Cambridge University Press
(1984).
[7] F. Vivaldi, The arithmetic of discretized rotations, in A. Y. Khrennikov, Z. Rakic, I. V. Volovich (Eds.), p-adic
Mathematical Physics, AIP Conference Proceedings, Melville, New York, 826 (2006), 162-173.
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Pseudo-diffential operators on Z related to a finite measure space
Viorel Catană
Department of Mathematics and Informatics
University Polytehnica of Bucharest, Romania
catana viorelyahoo.co.uk

Let (S, B, m) be a finite measure space and let L2 (S, B, m) = L2 (S) be the corresponding Hilbert space with the usual
inner product (·, ·)L2 (S) . We suppose that there exists an orthonormal basis {en }n∈Z for L2 (S). The linear operator
FS : L2 (S) → L2 (Z) defined by (FS f )(n) =
= (m(S))−1/2 (f, en )L2 (S) , n ∈ Z, for all f in L2 (S) is a bijection such that (FS f, FS g)L2 (S) = (m(S))−1 (f, g)L2 (S) , for
all f and g in L2 (S).
Let σ : Z × S → C be a measurable function. Then for every sequence a in L2 (Z) we formally define the sequence Tσ a by
Z
σ(n, s)(FZ a)(s)en (s)dm(s), n ∈ Z.
(Tσ a)(n) = (m(S))−1/2
S

We call Tσ the pseudo-differential operator on Z (related to the measure space (S, B, m)) corresponding to the symbol
σ, whenever the integral exists for all n ∈ Z. We can consider by duality the following two mathematical objects:
FZ = FS−1 : L2 (Z) → L2 (S) defined by
(FZ a)(s) = (m(S))1/2

∞
X

an en (s), s ∈ S, a ∈ L2 (Z)

and

n=−∞

(Tτ f )(s) = (m(S))1/2

+∞
X

τ (s, n)FS (n)en (s), s ∈ S, f ∈ L2 (S),

n=−∞

where τ : S × Z → C is a measurable function. Tτ is called the pseudo-differential operator on S corresponding to
the symbol τ . The aim of this talk is to study Lp -boundedness (1 ≤ p < ∞), the Hilbert-Schmidt property and the
compactness for the pseudo-differential operators defined above. When we take S = S 1 , the unit circle centered at the
origin, dm(s) = ds and en (s) = √12π eins , for s ∈ S 1 , n ∈ Z, we recover the standard pseudo-differential operators on Z
and S 1 , which have been studied among others by Wong in his works.

Operator transformation of probability densities
Leon Cohen
Department of Physics
Hunter College of the City University, New York, USA
Leon.Cohen@hunter.cuny.edu

Using the operator methods of time-frequency analysis and quantum mechanics, we generalize the Edgeworth and GramCharlier series of standard probability theory. The main historical purpose of these series is to “correct” a Gaussian
distribution when new information is given, such as moments, which does not agree with the Gaussian. These methods
relate a probability density to a Gaussian by way of an operator transformation that is a function of the differentiation
operator. We generalize the standard series in two ways. First, we relate any two probability densities using the
differentiation operator. More generally, we show that any two probability densities may be related by an operator
transformation, which is a function of any self-adjoint operator. We give a number of examples from various fields.
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Solutions of a class of nonlinear stochastic equations on Rn : A microlocal approach
Sandro Coriasco
Departimento di Matematica “G. Peano”
Universitá degli Studi di Torino
sandro.coriasco@unito.it

We study random field and function-valued solutions of certain hyperbolic stochastic partial differential equations,
involving linear partial differential operators with polynomially bounded coefficients. We first analyse linear equations,
and provide conditions on the initial data and on the stochastic terms, so that a random field solution exists and is
unique. We then illustrate the case of some associated semilinear equations, and discuss an analogous existence and
uniqueness result of a function-valued solution.
The talk is based on joint work with A. Ascanelli and A. Süss.

Time-frequency structure of the Green’s function
Lorenzo Galleani
Department of Electronics and Telecommunications
Politecnico di Torino, Torino, Italy
galleani@polito.it

We consider the class of differential equations
dn x(t)
dn−1 x(t)
dx(t)
+ a0 x(t) = f (t)
(32)
+ an−1
+ . . . + a1
dtn
dtn−1
dt
where a0 , . . . , an−1 are constant deterministic coefficients, f (t) is the forcing term, and x(t) is the solution. This class
of equations represents a model for a wide variety of physical phenomena in several fields, such as electrical engineering,
mechanical engineering, vibration of structures, thermodynamics, pharmacokinetics, and population genetics. A key
design and analysis tool for (32) is the Green’s function, obtained as its solution when the forcing term is a delta
function. The frequency representation of the Green’s function, defined as its Fourier transform, is the transfer function,
another key tool for the study of phenomena modeled by (32). When the frequency spectrum of the forcing term
changes with time, though, also the frequency spectrum of the solution changes with time. Time-frequency analysis is
an extension of classical Fourier analysis which provides an effective description of time-varying frequencies [1], and the
Wigner distribution is one the of the most common time-frequency distributions. We obtain the Wigner distribution of the
Green’s function of (32). Our result clarifies how this class of differential equation processes the time-varying frequencies
of the forcing term to generate the time-varying frequencies of the solution. Surprisingly, the Wigner distribution of the
impulse response is made by frequency translated replicas of a simple function of time and frequency, plus the interference
terms due to the nonlinear nature of the Wigner distribution. We discuss this simple function and its properties, and we
show how to reduce the interference terms by smoothing the Wigner distribution. Finally, we discuss an application of
our result to system identification.
[1] L. Cohen, Time-Frequency Analysis, Prentice-Hall (1995).

Generalized microlocal elliptic pseudodifferential operators acting on Lploc (Ω)
Gianluca Garello
Department of Mathematics
University of Torino, Italy
gianluca.garello@unito.it
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In the talk we introduce a class of vector weighted symbols Sm,Λ (Ω), where m(ξ) and Λ(ξ) = (λ1 (ξ), . . . , λn (ξ)) are
positive continuous weight functions and weight vectors. The corresponding pseudodifferential operators will be called
m-pseudodifferential operators and they could be considered in the frame of general pseudodifferential calculus of R.
Beals [1], Hörmander [3]. Thanks to the assumptions on the weight vector Λ(ξ), the classes Sm,Λ (Ω) satisfy a condition
of Taylor type and the m-pseudodifferential operators are Lp continuous.
In order to show microlocal properties of m-pseudodifferential operators the main problem consists in the complete lack
of any homogeneity property of the weights m(ξ) and Λ(ξ). The characteristic set of a(x, D) has not any conic properties
with respect to the ξ variable. For this reason we introduce the concepts of characteristic filter of a m-pseudodifferential
operator and of filter of weighted Sobolev regularity of u ∈ D0 (Ω). We can then obtain a result of microlocal propagation
of singularities for solutions to (pseudo)differential equations. Some applications to linear partial differential operators
are also given.
The talk is based on collaborations with Alessandro Morando, University of Brescia, Italy.
[1] R. Beals, A general calculus of pseudodifferential operators, Duke Math. J. 42 (1978), 1-42.
[2] G.Garello, A. Morando Lp -bounded pseudodifferential operators and regularity for multi-quasi-elliptic equations, Integr.
equ. oper. theory 51 (2005), 501-517.
[3] L. Hörmander, The Weyl calculus of pseudo-differential operators, Comm. Pure Appl. Math. XXXII (1982), 359-443.

Characterizations of nuclear pseudo-differential operators on S1
M.B. Ghaemi
Department of pure mathematics
Iran University of Science and Technology, Tehran, Iran
mghaemi@iust.ac.ir

In this paper, we give some necessary and sufficient conditions on the symbol of the pseudo-differential operator Tσ from
0
Lp1 (S1 ) into Lp2 (S1 ) for 1 ≤ p1 , p2 < ∞, to be nuclear. We also show that the adjoint operator Tσ∗ , from Lp2 (S1 ) into
0
Lp1 (S1 ) is nuclear and present a formula for σ ∗ in the terms of σ. As application, a necessary and sufficient condition for
self adjointness of nuclear pseudo-differential operators from L2 (S1 ) into L2 (S1 ) is given.

The heat kernel and trace class pseudo-differential operators on Rn
Majid Jamalpour Birgani
School of Mathematics
Iran University of Science and Technology, Tehran, Iran
m− jamalpour@mathdep.iust.ac.ir

We use the heat kernel of the Laplacian on Rn and some fairly well-known results on nuclear operators to give a
characterization of trace class pseudo-differential operators on Rn . This gives another derivation of the trace formula for
trace class pseudo-differential operators on Rn .
This talk is based on collaborations with M. W. Wong. The research was carried out and completed during my visit of
Professor M. W. Wong under the auspices of the International Visiting Research Traineeship (IVRT) in the Department
of Mathematics and Statistics at York University.
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Unified theory of the wavelet transformation of Frazier and Jawerth
Jon Johnsen
Department of Mathematical Sciences
Aalborg University, Denmark
jjohnsen@math.aau.dk

In 1990, Frazier and Jawerth [1] presented their well-known vast results for wavelet transformation of Sobolev spaces (and
Besov and Lizorkin–Triebel spaces), using an operator approach leading to concise statements and ease of formulation.
However, certain foundational questions for the synthesis operator (the inverse wavelet transform) were raised with only
partial answers in the subsequent literature.
Recently it was shown in [2] how a unified theory of the synthesis operator can be build up from a precise definition of
it, based on a Pettis integral. One main result is that two-sided invertibility of the wavelet transform is equivalent to
biorthogonality of the chosen wavelets, as well as to the property that the wavelets form an unconditional basis of the
space of temperate distributions (modulo polynomials). Nonetheless the terms in the synthesis operator can always be
summed in any order—this virtue of the Pettis integral circumvents the dichotomy given by biorthogonality.
Moreover, in an analysis of Peetre’s homogeneous Littlewood–Paley decomposition a few claims from the literature were
corrected, and specific convergence rates were deduced for the wavelet decompositions. This will be explained as time
permits, along with application to homogeneous Sobolev and more general Lizorkin–Triebel spaces with mixed norms.
The talk is based on work with Athanasios Georgiadis and Morten Nielsen.
[1] M. Frazier, B. Jawerth, A discrete transform and decompositions of distribution spaces. J. Funct. Anal. 93 (1990),
34–170.
[2] A. Georgiadis, M. Nielsen, J. Johnsen, Wavelet transforms for homogeneous mixed-norm Triebel–Lizorkin spaces,
Monatshefte für Mathematik (2017). DOI:10.1007/s00605-017-1036-z

Spectral Invariance of Pseudo-differential Boundary Value Problems with Conical Singularities
Pedro Tavares Paes Lopes
Department of Applied Mathematics
University of São Paulo, Brazil
pplopes@ime.usp.br

In this talk, we show how to prove the spectral invariance of the pseudo-differential calculus for boundary value problems
with conical singularities on Lp spaces, as developed by B. W.- Schulze and E. Schrohe. We follow the standard argument
of Gohberg and Hörmander. Nevertheless, due to the fact that we are working in the Lp-setting, we must deal with
the Besov spaces on the boundary. As we will see, the argument can not be directly applied for these spaces, requiring
some interesting modifications and better estimates. In this talk we will sketch the proof of the spectral invariance of
the whole algebra, focusing on these necessary modifications that the Lp and Besov spaces require.
The talk is based on collaborations with Professor Elmar Schrohe.
[1] Elmar Schrohe, Bert-Wolfgang Schulze, Boundary value problems in Boutet de Monvel’s algebra for manifolds with
conical singularities, Max-Planck-Institut für Mathematik (1994).
[2] Schrohe, Elmar, and Jörg Seiler, Ellipticity and invertibility in the cone algebra on Lp-Sobolev spaces, Integral Equations and Operator Theory 41.1 193 (2001), 93-114.
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Pseudo-Differential Operators, Wigner Transforms and Weyl Transforms on the Poincaré Unit
Disk
Shahla Molahajloo
Department of Mathematics
Institute for Advanced Studies in Basic Sciences, Zanjan, Iran
molahajloo@iasbs.ac.ir

Using the affine group and the Cayley transform from the unit disk D onto the upper half plane, we can turn D into a
group, which we call the Poincaŕe unit disk. With this construction, D is a noncompact and nonunimodular Lie group.
We characterize all infinite-dimensional unitary and irreducible representations of D. By means of these representations,
the Fourier transform on D is defined and the adjoint formula, the Plancherel theorem and hence the Fourier inversion
formula, adjoint formula, Parseval identity and Plancherel theorem can be given. Then pseudo-differential operators
with operator-valued symbols, operator-valued Wigner transforms, and Weyl transforms on D are defined.
The talk is based on collaborations with Professor M. W. Wong.

Factorizations and Singular Value Estimates of Operators with Gelfand-Shilov and Pilipovic
kernels
Mikael Signahl
Department of Mathematics
University of Agder, Kristiansand, Norway
nilsms@uia.no

We prove that any linear operator with kernel in a Pilipović or Gelfand-Shilov space can be factorized by two operators
in the same class. We apply these composition rules to deduce estimates of singular values and establish Schatten-von
Neumann properties for such operators.
The talk is based on collaborations with Yuanyuan Chen and Joachim Toft.
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Spin actions in Euclidean and Hermitian Clifford Analysis on Superspace
Alı́ Guzmán Adán
Clifford Research Group, Department of Mathematical Analysis
Ghent University, Belgium
ali.guzmanadan@ugent.be

In the previous work [1] we studied the group invariance of the inner product of supervectors as introduced in the
framework of Clifford analysis on superspace. The fundamental group SO0 of supermatrices leaving invariant such an
inner product turns out to be an extension of SO(m) × Sp(2n). In this setting, superrotations (elements of SO0 ) are no
longer described by an even number of supervector reflections. That is why the spin group in superspace is introduced
through the exponential of the so-called extended superbivectors. As usual, the spin group can be seen as a double
covering of SO0 by means of the representation h(s)[x] = sxs.
In this talk, we study the invariance of the Dirac operator in superspace under the classical H and L actions of the spin
group on superfunctions. Such actions give rise to the infinitesimal representation dL, edL = L. In the standard case,
these operators correspond to the classical momentum operators (angular momentum plus spin). In addition, we study
the invariance of the hermitian inner product of supervectors introduced in [2]. The group of complex supermatrices
leaving it invariant constitutes an extension of U (m) × U (n) and is isomorphic to the subset SO0J of SO0 , of elements
that commute with the complex structure J. The realization of SO0J within the spin group is studied together with the
invariance under its actions of the twisted super Dirac operator ∂J(x) .
The talk is based on collaborations with Hennie De Schepper and Frank Sommen.
[1] H. De Schepper, A. Guzman Adan, F. Sommen , The spin group in superspace, In preparation, 2016.
[2] H. De Schepper, A. Guzman Adan, F. Sommen, Hermitian clifford analysis on superspace, Submitted for publication,
2016.

Stationary increment Gaussian processes and their derivatives: The quaternionic case
Daniel Alpay
Schmid College of Science and Technology
Chapman University, Orange, California, USA
alpay@chapman.edu

We discuss in the quaternionic setting the relation between positive definite functions and the covariance of centered
Gaussian processes, and on the construction of stochastic processes and their derivatives. We focus in particular on
covariance functions of the form r(t) + r(s) − r(t − s), corresponding to stationary increment processes. The use of
perfect spaces and strong algebras (introduced by the speaker and Guy Salomon, and which generalizes the notion of
Banach algebra) as well as the notion of Fock space are crucial in this framework.
The talk is based on collaborations with Fabrizio Colombo, Irene Sabadini and Guy Salomon.
[1] D. Alpay, F. Colombo, and I. Sabadini. On a class of quaternionic positive definite functions and their derivatives.
Journal of Mathematical Physics, 58 (3) (2017), 033501, 15 pp.
[2] D. Alpay and G. Salomon. On algebras which are inductive limits of Banach spaces. Integral Equations and Operator
Theory, 83 (2) (2015), 211-229.
[3] D. Alpay, P. Jorgensen and G. Salomon. On free stochastic processes and their derivatives. Stochastic Processes and
their Applications, 214 (2014), 3392-3411.
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A quadratic Fourier transform in Clifford analysis
Swanhild Bernstein
Institute of Applied Analysis, Department of Mathematics and Informatics
TU Bergakademie Freiberg, Germany
swanhild.bernstein@math.tu-freiberg.de

The Fourier transform is an important tool in mathematics and applications. Optically and physically motivated during
the early 1970’s in paraxial optics and quantum mechanics led to the linear canonical transform (LCT) ([1], [2]). The
linear canonical transform has expanded into applied optics, mathematical physics and digital signal analysis.
Clifford analysis is a refinement of harmonic analysis and has proven to be useful to give a deeper insight in classical
transforms. We consider the following quadratic Fourier transform
Z
eiW (x,y) f (y) dy,
Qf =
Rn

where W (x, y) = 21 db−1 hx, xi−b−1 hx, yi+ 21 b−1 ahy, yi, and h., .i denotes the ordinary scalar product in Rn . The transform
Q is isomophic to the Valen matrix


a b
V =
,
c d
fulfilling
(i) a, b, c, d ∈ Γn ∪ {0} (Clifford group Γn )
(ii) ab̃, b̃d, dc̃, c̃a ∈ Rn
(iii) ad˜ − bc̃ = 1,
where the reversion a is denoted by ã. The transform is invertible. The Vahlen group [3] contains special subgroups,
which describes special transforms. We will also highlight some applications.
[1] M.A. de Gosson, Symplectic Methods in Harmonic Analysis and Mathematical Physics, Springer Verlag, Basel (2011).
[2] J.J. Healy, M.A. Kutay, H.M. Ozaktas, J. T. Sheridan (eds.), Linear Canonical Transforms, Springer Verlag (2016).
[3] P. Lounesto, Clifford Algebras and Spinors, Cambridge University Press, (2001).

Landau’s theorem for slice regular functions on the quaternionic unit ball
Cinzia Bisi
Department of Mathematics and Computer Sciences
University of Ferrara, Italy
bsicnz@unife.it

During the development of the theory of slice regular functions over the real algebra of quaternions H in the last decade,
some natural questions arose about slice regular functions on the open unit ball B in H. We will present several new
results in this context. More precisely we will start recalling the Schwarz–Pick lemma for slice regular functions B → B
and then we will illustrate two variants of it, specialized to maps B → B that are not injective. These results allow a
full generalization to quaternions of two theorems proven by Landau for holomorphic self-maps f of the complex unit
disk with f (0) = 0. Landau had computed, in terms of a := |f 0 (0)|, a radius ρ such that f is injective at least in the
disk ∆(0, ρ) and such that the inclusion f (∆(0, ρ)) ⊇ ∆(0, ρ2 ) holds. We will describe in details the analogous result for
slice regular functions B → B which allows a new approach to the study of Bloch–Landau-type properties of slice regular
functions B → H.
The talk is based on collaborations with C. Stoppato.
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[1] Daniel Alpay, Vladimir Bolotnikov, Fabrizio Colombo, Irene Sabadini, Self-mappings of the quaternionic unit ball:
multiplier properties, the Schwarz-Pick inequality, and the Nevanlinna-Pick interpolation problem, Indiana Univ. Math.
J., 64 (1), (2015), 151-180.
[2] Cinzia Bisi, A Landau’s theorem in several complex variables, Ann. Mat. Pura Appl. (4), 196 (2) (2017), 737-742.
[3] Cinzia Bisi, Caterina Stoppato, The Schwarz-Pick lemma for slice regular functions, Indiana Univ. Math. J., 61 (1),
(2012), 297-317.
[4] Cinzia Bisi, Caterina Stoppato, Landau’s theorem for slice regular functions on the quaternionic unit ball, Internat.
J. Math., 28 (3), (2017), Article Number: 1750017, 21 pp.
[5] Cinzia Bisi, Graziano Gentili, Möbius transformations and the Poincaré distance in the quaternionic setting, Indiana
Univ. Math. J., 58 (6), (2009), 2729-2764.
[6] Edmund Landau, Über die Blochsche Konstante und zwei verwandte Weltkonstanten, Math. Z., 30 (1), (1929), 608634.
[7] Edmund Landau, Dieter Gaier. Darstellung und Begründung einiger neuerer Ergebnisse der Funktionentheorie,
Springer-Verlag, Berlin, third edition, (1986).
[8] Joao Pedro Morais, Klaus Gürlebeck, Bloch’s theorem in the context of quaternion analysis, Comput. Methods Funct.
Theory, 12 (2), (2012), 541-558.
[9] Dominique Rochon, A Bloch constant for hyperholomorphic functions, Complex Variables Theory Appl., 44 (2),
(2001), 85-101.

Riemann-Hilbert problems for discrete monogenic functions
Paula Cerejeiras
CIDMA, Department of Mathematics
University of Aveiro, Portugal
pceres@ua.pt

Riemann-Hilbert problems (RH) are a basic tool in a wide range of applications, such as hydrodynamics or inverse
scattering problems. While in the complex case connections between the continuous and discrete cases are well established
(see, for instances, the study of discrete Riemann problems in connection to the 2D-Ising model) the same cannot be said
about the higher dimensional case. For instance, while the analytic treatment of continuous RH-problems via Clifford
analysis is well established in a variety of cases their discrete counterparts are missing. In fact, while discrete Clifford
analysis started in the eighties and nineties with the construction of discrete Dirac operators for numerical methods of
PDEs under the impulse of physical considerations the actual study of discrete boundary values started only recently. In
this talk, we present the concept of discrete Hardy spaces as spaces of boundary values of discrete monogenic functions.
Based on the concept of discrete Hardy spaces we study the solvability of discrete RH-problems in higher dimensions
by constructing discrete Hardy decompositions. Furthermore, we are going to present results on the convergence of
the discrete solutions to those of the continuous Riemann-Hilbert boundary value problem. In the end we will present
connections with problems in image processing by looking at the concept of a discrete monogenic signal.

Generalizations of the the H ∞ -functional calculus and applications to fractional diffusion
processes
Fabrizio Colombo
Dipartimento di Matematica
Politecnico di Milano, Italy
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fabrizio.colombo@polimi.it

The spectral theory based on the notion of S-spectrum, for quaternionic operators and in particular for vector operators,
has been introduced about ten years ago and it is nowadays well developed. In this talk we show new results on the
quaternionic version of the H ∞ -functional calculus and we use it to compute the fractional powers of vector operators.
It turned out that this theory allows to define new fractional diffusion processes.

Dirac operators for SU (n) symmetries
Aurineide Fonseca
Center for R&D in Mathematics and Applications (CIDMA), Department of Mathematics
University of Aveiro, Portugal
aurineidefonseca@ua.pt

The Dirac equation arises from the linearization of a relativistic second order wave equation which describes the spin1
electron by imposing SU (2)-symmetry. Nevertheless, several examples exist in which other type of symmetries is
2
required. For instances, problems in optics often require SU (3)- symmetries, as in polarization, for example. In this
talk we are interested in the problem of operators described by SU (n)-symmetries and modeled in terms of fractional
derivatives.

Reconstruction of quaternionic signals with sparsity constraints
Narciso Gomes
Department of Mathematics, Faculty of Science and Technology
University of Cape Verde, Praia City, Cape Verde
narciso.gomes@docente.unicv.edu.cv, gomes.ng@gmail.com

Compressed Sensing is a new paradigm in signal processing which states that for certain matrices sparse representations
can be obtained by a simple `1 -minimization procedure. Here we explore this paradigm for higher-dimensional signals,
in particular for quaternionic signals which represent color-encoded images such as RGB-images.
[1] Gomes, N., Hartmann, S. & Kaehler, U., Compressed Sensing for Quaternionic Signals, Complex Anal. Oper. Theory
(2017), Springer, 11: 417. doi:10.1007/s11785-016-0607-7

On regular extension of quaternion functions
Yuri Grigor’ev
Theoretical Physics Department
North-Eastern Federal University named after M.K.Ammosov
Academy of Sciences of Republic of Sakha (Yakutia), Yakutsk, Russia
grigyum@yandex.ru

A fundamental problem of a holomorphic extension of functions of one complex variable has also a great importance in
applications. Some results are known about conditions for the holomorphic extension into a domain of function defined
on a part of its boundary [1]. By means of the Kolosov-Muskhelishvili method these results can be used in nonclassical
ill-posed problems of plane elasticity theory. In the three-dimensional theory of elasticity the situation is also similar. If
stresses and displacements are given on a part of the boundary of a domain, then we have a three-dimensional ill–posed
Cauchy problem for the elliptic Lame system. This problem can be reduced to the problem of the regular extension
into a domain of the quaternion function defined on a part of its boundary. An advanced theory of regular (monogenic)
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quaternion functions and presence of various variants of the three-dimensional quaternion generalization of the KolosovMuskhelishvili formulae [2] can lead to new results in this area. In this report we discuss problems of the regular extension
of quaternion functions and scopes of applications in the theory of elasticity.
This work was supported by grant 15-41-05081 from the Russian Foundation for Basic Research.
[1] L. A. Aizenberg, A. M. Kytmanov. On the possibility of holomorphic extension into a domain of function defined on
a connected piece of its boundary, Math. USSR–Sb., 72:2 (1992), 467-483.
[2] Grigor’ev Yu. Three-dimensional Quaternionic Analogue of the Kolosov-Muskhelishvili Formulae, Hypercomplex
Analysis: New perspectives and applications, Trends in Mathematics, (Eds. S. Bernstein, U. Kaehler, I. Sabadini, F.
Sommen), Birkhauser, Basel (2014), 145-166.

A nonlinear boundary value problem with a shift for generalized hypermonogenic function in
Clifford analysis
Bingchan Guo
College of Mathematics and Information Science
Hebei Normal University, Shijiazhuang, Hebei Province,China
2523847779@qq.com

In this talk, we discuss a nonlinear boundary value problem with a shift for generalized hypermonogenic function in
Clifford Analysis. In the first part, we decompose the generalized hypermonogenic function into integral operators and
discuss the properties of some integral operators. In the second part, by using the Plemelj formula for hypermonogenic
functions and Schauder fixed point theorem, we prove the existence and uniqueness of the solution to the nonlinear
boundary value problem with a shift for generalized hypermonogenic function.
[1] S. Huang, Y. Y. Qiao and Wen Guochun. Real and Complex Clifford Analysis[M], Springer, USA,(2006).
[2] Y. Y. Qiao. A boundary value problem for hypermonogenic functions in Clifford analysis[J], Science in China Series
(A). (2005), 48: 324-333.
[3] Zhang Z. X. Some properties of operators in Clifford analysis , Complex var, elliptic, Eq, (2007), 52(6): 455-473..
[4] Qiao Y. Y, J. Ryan, S. Bernstein, Eriksson S. L. Function theory for Laplace and Dirac hodge operators on hyperbolic
space, Journal D Analyse Mathematique, (2006), 98: 43-63.
[5] Hejv Yang, Haiping Li. A nonlinear boundary value problem for generalized hypermonogenic function in Clifford
Analysis, (2014), 44(8): 241-246.
[6] Eriksson. S. L. Integral Formulas for Hypermonogenic Functions[J], Bull. Belg. Math. Soc, (2004), 11: 705-718.
[7] Bian X.L, Wang H. Y, Liu H. The properties of the complex k-hypermonogenic vector-valued function[J], Journal of
Mathematics in Practice and Theory. (2016), 46(3):273-278.
[8] Qiao Y. Y, Wang L, Yang G. A kind of boundary value problem for inhomogeneous partial differential system[J],
Journal of Inequalities and Applications, (2016),(1):1-13.
[9] G. C. Wen. Clifford analysis and elliptic system, Hyperbolic systems of first order equations[C] , Singapore: World
Scientific, (1991):230-237.
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On a higher spin generalisation of the Fueter theorem

Tim Janssens
Department of Mathematics
University of Antwerp, Belgium
tim.janssens4@uantwerpen.be

The original Fueter theorem (1935) shows how we can construct functions f : R4 → H, that satisfy Df := (∂0 + i∂i +
j∂j +k∂k )f = 0, starting from holomorphic functions. This theorem has been extended to the domain of Clifford analysis
and can be used to construct monogenic functions (solutions of the Dirac operator) on Rm starting from, the easier to
describe, holomorphic functions in the complex plane, see e.g. [2,4].
The aim of this talk is to introduce a higher spin version of Fueter’s theorem and to do this we will start by giving an
alternative proof for the classic theorem that lends itself well to generalisations. We will then introduce the setting in
which we realise our higher spin framework, and provide the necessary tools for the higher spin Fueter theorem (i.e. a
Fischer decomposition and an inversion).
The talk is based on collaborations with David Eelbode.
[1] Eelbode, D., Janssens, T., Higher spin generalisation of Fueter’s theorem.
[2] Eelbode, D., Souček, V., Van Lancker, P., Gegenbauer polynomials and the Fueter theorem, Compl. Var. Ell. Equa.
59 No.6 (2014), p. 826-840.
[3] Gilbert, J., Murray, M., Clifford algebras and Dirac operators in harmonic analysis, Cambridge University Press,
Cambridge (1991).
[4] Qian, T., Generalization of Fueter’s result to Rn+1 , Rend. Mat. Acc. Lincei 9 volume 8 (1997), pp. 111-117.

Interpolation in Clifford-Krein modules

Uwe Kähler
Department of Mathematics
University of Aveiro, Portugal
ukaehler@ua.pt

One of the central topics in hypercomplex function theory is interpolation. Interpolation by inner spherical monogenics
provides the adequate counterpart to the classic finite Fourier transform and is widely used in applications. Interpolation
problems for slice-hyperholomorphic functions which includes as particular cases the Nevanlinna-Pick and CarathéodoryFejér interpolation problems were studied by D. Alpay, V. Bolotnikov, F. Colombo, and I. Sabadini. In more general
terms, interpolation in hypercomplex function theory is closely linked to interpolation in reproducing kernel Hilbert
spaces. But interestingly enough, in difference to the complex case there are many applications of hypercomplex function
theory in which Hilbert spaces are not the natural setting. For instance, studying null-solutions of ultra-hyperbolic
Dirac operators, pole figures of the crystallographic Radon transform which belong to the kernel of an ultra-hyperbolic
Laplacian, or even more general problems in Minkowski space-time and string theory require inner product spaces with
an indefinite inner product. Among other things this is due to the possibility of the underlying Clifford algebra to have
a signature (p, q) and, therefore, to be linked to Pontryagin modules instead of Hilbert modules. As we shall see the
natural setting for such problems is the Clifford-Krein module. After giving some general overview over Clifford-Krein
modules with reproducing kernels we are going to study interpolation problems in these modules. Finally, we will present
some applications of these problems.
The talk is based on collaborations with Daniel Alpay and Paula Cerejeiras.
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On some properties of bicomplex modules endowed with a hyperbolic–valued norm
Marı́a Elena Luna–Elizarrarás
Faculty of Sciences
Holon Institute of Technology, Holon, Israel
eluna 10@hotmail.com

In [1], there was introduced for the first time the notion of hyperbolic–valued modulus | · |k . This modulus is defined on
the set of bicomplex numbers BC and takes values in the set of non–negative hyperbolic numbers D+ . In [2] there were
developed many analytical and geometrical facts on the ring of bicomplex numbers and it was evident that the whole
theory became quite rich when the hyperbolic–valued modulus | · |k goes into action.
The notion of hyperbolic–valued modulus gave rise to the notion of hyperbolic–valued norm on bicomplex moduli, see
[1]. In this talk I will present further developments on the bicomplex functional analysis where the hyperbolic–valued
modulus plays a key role. Finally we will see how the set of hyperbolic numbers behaves inside the bicomplex numbers in
a quite similar way as the set of real numbers behaves inside the complex numbers and will comment on some geometric
consequences of this fact.
[1] D. Alpay, M. E. Luna-Elizarrarás, M. Shapiro, D. C. Struppa, Basics of functional analysis with bicomplex scalars,
and bicomplex Schur analysis, Series Springer Briefs, Springer, (2014).
[2] M. E. Luna-Elizarrarás, M. Shapiro, D. C. Struppa, A. Vajiac, Bicomplex holomorphic functions: the algebra, geometry
and analysis of bicomplex numbers, Series Frontiers in Mathematics, Birkhäuser, Springer International Publishing,
Switzerland, (2015).

Hypermonogenic solutions and plane waves of the Dirac operator in Rp × Rq
Heikki Orelma
Laboratory of civil engineering
Tammerfors tekniska universitet, Finland
Heikki.Orelma@tut.fi

In this talk we define monogenic solutions of the Dirac operator in Rp × Rq and find a Cauchy’s integral formula for it
in the unit sphere. Then we define the so called hypermonogenic plane wave solutions and compute some examples.
The talk is based on collaborations with Ali Guzman and Franciscus Sommen.

The unwinding Fourier decomposition method and related algorithms
TAO QIAN
Department of Mathematics
University of Macau, China SAR
fsttq@umac.mo

We will introduce a recently developed new signal processing method called unwinding Fourier decomposition. It is based
on the front loading property of outer functions in the DSP theory and practice. Regarding the algorithmIn respect,
in terms of Nevanlinna factorization of Hardy space functions we will introduce methods on how to extract the outer
function part of a Hardy space function. We will promote a recently established method base on Szego’s techniques.
The talk is based on collaborations with Lihui Tan.
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[1] R.R.Coifman and S. Steinerberger, Nonlinear phase unwinding of functions, Fourier analysis and Applications,
10.1007/s00041-016-9489-3, 2016.
[2] T. Qian, Intrinsic mono-component decomposition of functions: An advance of Fourier theory, Mathematical Methods
in Applied Sciences, 2010, 33: 880-891.
[3] L-H. Tan, T. Qian, Extracting Outer Function Part From Hardy Space Function, preprint.

Some results of integral equations in real Clifford analysis

Yuying Qiao
College of Mathematics and Information Science
Hebei Normal University, Shijiazhuang city, China
yuyingqiao@163.com

By using the method of resolution of the identity, in this talk we define the generalized integrals in the sense of M.
Spivak on open manifold for unbounded functions in real Clifford analysis, and discuss the solvability and the series
expression of solutions for the second kind of generalized integral equations with Hölder continuous kernel and weakly
singular kernel. By defining a new operator, we can overcome the non commutativity of the Clifford algebra. Finally we
give the error estimate for the approximate calculation.
[1] Spivak M., Calculus on manifolds. A modern approch to classical theorems of advanced caluclus, The Benjamin/Cummings
Publishing Company, 1968.
[2] Vekua I N.Generalized Analytic Functions[M].Oxford:Pergamon Press,1962.
[3] Brackx F, Delanghe R, Sommen F. Clifford Analysis[M]. Boston: Pitman Book Limited, 1982.
[4] Delanghe R. On regular analytic functions with values in a Clifford algebra[J]. Mathematische Annalen, 1970, 185(2):
91-111.
[5] Delanghe R. Some remarks on the principal value kernal in Rm [J]. Complex Variables, Theory and Application, 2002,
47(8): 653-662.

Higher spin Laplace operator in several vector variables

Tim Raeymaekers
Clifford Research Group,Department of Mathematical Analysis
Ghent University, Belgium
tim.raeymaekers@ugent.be

In this talk, I will introduce a class of conformallly invariant second order differential operators, known as higher spin
Laplace operators. These must be seen as generalisations of the well-known Laplace operators in harmonic analysis, and
the linearised Einstein equations.
We take a look at these operators from a function theoretical point of view, more specifically in the setting of harmonic
analysis. The operators are differential operators acting on functions f (x) on Rm , taking values in the space of complex
numbers C. C is in fact a model for the irreducible representation of the orthogonal group SO(m, C). We generalise the
Laplace operator by replacing C with an arbitrary irreducible, finite dimensional SO(m, C)-representation, which has an
integer highest weight (l1 , . . . , lk , 0, . . . , 0). Such representations can be modeled by special types of polynomial spaces,
namely simplicial harmonic polynomials, making the function theoretical approach possible.
We will also take a look at a special type of polynomial solutions for the higher spin Laplace operators.
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The talk is based on collaborations with Prof. David Eelbode (University of Antwerp) and Dr. Matthias Roels (University
of Antwerp).

On the relations between monogenic and slice monogenic functions
Irene Sabadini
Dipartimento di Matematica
Politecnico di Milano, Italy
irene.sabadini@polimi.it

Monogenic functions with values in a Clifford algebra, namely functions in the kernel of the generalized Cauchy-Riemann
operator, are widely studied in the literature. They are, in particular, harmonic functions in several variables. Slice
monogenic functions (also called slice hyperholomorphic or slice regular functions) have been introduced in more recent
times and they have applications, for example, in operator theory. It is thus a natural question to ask if there are
relations between the two classes of functions.
The Fueter mapping theorem, which is a classical result in quaternionic and Clifford analysis (which has been investigated
by several authors, at various degrees of generality) shows that to any slice monogenic function one may associate a
monogenic function of axial type. Specifically, given f slice monogenic, we can represent in integral form the axially
n−1
monogenic function f˘(x) = ∆ 2 f (x) where ∆ is the Laplace operator in dimension n + 1, if x ∈ Rn+1 .
We have also solved the inverse problem: given an axially monogenic function f˘ we can determine a slice monogenic
n−1
function f (called Fueter’s primitive of f˘) such that f˘(x) = ∆ 2 f (x). The proof of these results, in the case n even or
odd is rather different.
In recent times, we have shown that by weakening a bit the definition of slice monogenic functions it is possible to prove
that the Radon transform maps monogenic functions to slice monogenic functions with values in a Clifford algebra and,
analogously, the dual Radon transform maps slice monogenic functions to monogenic functions. The proofs of these
results are independent of the parity of the dimension.

Differential forms in Clifford superanalysis
Franciscus Sommen
Clifford Research Group, Department of Mathematical Analysis
Ghent University, Belgium
franciscus.sommen@ugent.be

In our presentation we begin by defining the calculus framework for analysis in superspace starting with super-functions
and super-distributions and then continuing with the main definitions for differential forms on superspace. We study
the transformation of these differential forms under coordinates transformations thus showing that these objects can be
defined in an invariant way. Next we investigate the topic of integration of differential forms starting with the integral
of a differential form over a surface in Euclidean space. The problem however with differential forms is that there
seems not to be an invariant way of defining the integral whereas for super-functions there is the invariant notion of the
Berezin integral. The only possible setting for integration of differential forms seems to be via duality, which leads to the
notion of a super-current. Super-surfaces may then be defined as special super-currents and involve delta distributions
on superspace. In the next part of our lecture we extend the calculus of differential forms to Clifford superanalysis by
combining it with the Clifford algebra. In particular, we introduce spin-invariant differential forms such as the differential
of a vector variable and we study the calculus resulting from this. When comparing this calculus with the Cauchy integral
formula on superspace it turns out that the theory of super-forms does not lead to the same Cauchy integral formula.
This can be seen as a defect of the theory of differential forms on superspace that somehow seems to be unavoidable.
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Gleason’s problem associated to a ternary algebra
Adrian Vajiac
Department of Mathematics, Schmid College of Science and Technology
Chapman University, Orange, California, USA
avajiac@chapman.edu

We introduce of a new class of analytic functions defined on T, a three dimensional structure different from C × R,
i.e. a commutative algebra given by the linear span of {1, e, e2 }, where e 6∈ C is a generating unit. We define a single
ternary conjugate and we build our analytic theory differently than in the existing literature, on the basis of this single
conjugation (akin to the quaternionic case). We give the solution to the Gleason problem which gives rise to Fueter–type
variables and study related problems.
The talk is based on collaborations with D. Alpay and M.B. Vajiac.

Bernstein type Inequalities for Multicomplex Polynomials
Mihaela B. Vajiac
Faculty of Mathematics, Schmid College of Science and Technology
Chapman University, Orange, California, USA
mbvajiac@chapman.edu

In this talk we consider the well–known Bernstein and Erdős–Lax inequalities in the case of bicomplex polynomials. We
shall prove that the validity of these inequalities depends on the norm in use and we consider the cases of the Euclidean,
Lie, dual Lie and hyperbolic–valued norms. In particular, we show that in the case of the Euclidean norm the inequalities
holds keeping the same relation with the degree of the polynomial that holds in the classical complex case, but we have
to enlarge the radius of the ball. In the case of the dual Lie norm both the relation with the degree and the radius of
the ball have to be changed. Finally, we prove that the exact analogs of the two inequalities hold when considering the
Lie norm and the hyperbolic–valued norm. In the case of these two norms we also show the validity of the Maximum
Modulus Principle for bicomplex holomorphic functions. We also show the extension of some of these results to the
multicomplex case.
The talk is based on collaborations with I. Sabadini and A. Vajiac.
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Critical exponents for two semilinear evolution equations with structural damping
Marcello D’Abbicco
Department of Mathematics
University of Bari, Italy
m.dabbicco@gmail.com

In this talk, we discuss the critical exponents p0 = 1 + 2σ/(n − 2σ) and p1 = 1 + 2δ/n for the two semilinear evolution
equations
(
|u|p
δ
σ
utt + (−∆) ut + (−∆) u =
|ut |p
with σ, δ ∈ N \ {0}, and 2δ ≤ σ, for t ≥ 0 and x ∈ Rn . We show the global existence of small data solutions in the
supercritical ranges, and that each one of the critical exponent is related to one of the two asymptotic profiles of the
solution to the linear problem in L1 − Lq setting, q ∈ [1, ∞]. These two profiles are respectively given by the solutions to
vt + (−∆)κ v = 0,

t ≥ 0, x ∈ Rn ,

with suitable initial data, with κ = σ − δ if n(1 − 1/q) > 2δ, or κ = δ if n(1 − 1/q) < 2δ. The exponents p0 and p1 are
sharp, in the sense that no global solution to the nonlinear problem may exist in the subcritical and critical range, under
a sign assumption on the data.
The talk is based on collaborations with Marcelo R. Ebert (University of São Paulo).
[1] M. D’Abbicco, M.R. Ebert, A new phenomenon in the critical exponent for structurally damped semi-linear evolution
equations, Nonlinear Analysis 149 (2017), 1–40.

The Dirichlet problem and boundary regularity for nonlinear parabolic equations
Jana Björn
Department of Mathematics
Linköping University, Sweden
jana.bjorn@liu.se

The p-parabolic equation
∂t u = ∆p u := div(|∇u|p−2 ∇u)
is a nonlinear cousin of the classical heat equation. As such, it offers both difficulties and advantages compared with
the heat equation. In the talk, we consider the Perron method for solving the Dirichlet problem for the p-parabolic
equation in general bounded domains in Rn+1 . Compared to space-time cylinders, such domains allow the space domain
to change in time.
Of particular interest will be boundary regularity for such domains, i.e. whether solutions attain their boundary data
in a continuous way. Relations between regular boundary points and barriers will be discussed, as well as some peculiar
examples and surprising phenomena related to boundary regularity.
If time permits, the so-called normalized p-parabolic equation, with surprisingly different behaviour, will also be discussed.
The talk is based on collaborations with Anders Björn (Linköping), Ugo Gianazza (Pavia) and Mikko Parviainen (Jyväskylä).

[1] A. Björn, J. Björn, U. Gianazza and M. Parviainen, Boundary regularity for degenerate and singular parabolic equations, Calc. Var. Partial Differential Equations 52 (2015), 797-827, arXiv:1310.6845
[2] A. Björn, J. Björn and U. Gianazza, The Petrovskiı̆ criterion and barriers for degenerate and singular p-parabolic
equations, to appear in Math. Ann., doi:10.1007/s00208-016-1415-0, arXiv:1509.02279v2
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Well-Posedness for Schrödinger Operators with Time Dependent Hamiltonian
Massimo Cicognani
Department of Mathematics
University of Bologna, Italy
massimo.cicognani@unibo.it

We consider Schrödinger operators with time dependent hamiltonian that may vanish at some point, say at t = 0. We
discuss the optimal relation between the order of vanishing and the decay of the drift term as the space variable x tends
to infinity. We provide necessary and sufficient conditions for the well-posedness of the Cauchy problem in Sobolev,
Gevrey and Gelfand-Shilov spaces.

Backward parabolic equations with non Lipschitz coefficients
Daniele Del Santo
Dipartimento di Matematica e Geoscienze
Università di Trieste, Italy
delsanto@units.it

Consider the equation
P u = ∂t u +

X

∂xi (ai,j (t, x)∂xj u) +

i,j

X

bj (t, x)u∂xj + c(t, x)u = 0

j

on the strip [0, T ] × Rn
x . The coefficients are supposed to be real valued, measurable and bounded. The matrix
(ajk )j,k=1,...,n is symmetric and positive definite.
It is well known that the Cauchy problem for this equation, when the data are given on {t = 0}, is an ill-posed problem.
Nevertheless a result due essentially to Hurd says that:
for every T < 0 and for every T 0 ∈ ]0, T [ and D > 0 there exist ρ > 0, 0 < δ < 1 and M > 0 such that, if u ∈ E is a
solution of P u ≡ 0 on [0, T ] with ku(0, ·)kL2 ≤ ρ and ku(t, ·)kL2 ≤ D on [0, T ], then
sup ku(t, ·)kL2 ≤ M ku(0, ·)kδL2 ,

t∈[0,T 0 ]

where E := C 0 ([0, T ], L2 (Rn )) ∩ C 0 ([0, T [, H 1 (Rn )) ∩ C 1 ([0, T [, L2 (Rn )).
The constants ρ, M and δ depend only on T , T 0 and D, on the ellipticity constant of P , on the L∞ norms of the
coefficients ai,j ’s, bi ’s, c and of their spatial derivatives, and on the Lipschitz constant of the coefficients ai,j ’s with
respect to time.
In this communication I will consider the situation in the case that the coefficients are non Lipschitz-continuous.
The talk is based on collaborations with Daniele Casagrande (University of Udine) and Martino Prizzi (University of
Trieste).

Semi-linear systems of weakly coupled damped waves
Abdelhamid Mohammed Djaouti
Institute of Applied Analysis
TU Bergakademie Freiberg, Germany
djaouti− abdelhamid@yahoo.fr
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Let us consider the following model of semi-linear system of weakly coupled classical waves

n
1
 utt − ∆u + (1+t)r1 ut = f (v), t ∈ [0, ∞), x ∈ R
n
1
vtt − ∆v + (1+t)r2 vt = g(u), t ∈ [0, ∞), x ∈ R

(u, ut , v, vt )(0, x) = (u0 , u1 , v0 , v1 )(x).
where r1 , r2 ∈ (0, 1), and for [s − 1]+ = max{s − 1, 0} the data
+

(u0 , u1 ) ∈ (H s1 ∩ Lm ) × (H [s1 −1] ∩ Lm ),
+

(v0 , v1 ) ∈ (H s2 ∩ Lm ) × (H [s2 −1] ∩ Lm ),
We consider several cases with respect to the regularity of the data. Our aim is to investigate the global existence of
solutions for small initial data.
Joint work with Prof. Michael Reissig.

Theory of wave models with integrable and decaying in time speed of propagation
Marcelo Rempel Ebert
Department of Computing and Mathematics
University of São Paulo, Brazil
ebert@ffclrp.usp.br

In this work we discuss about the Cauchy problem for damped wave equations with a time-dependent propagation speed
and dissipation. The model of interest is
utt − a(t)2 ∆u + b(t)ut = 0, u(0, x) = u0 (x), ut (0, x) = u1 (x).
Let a ∈ C 2 ∩ L1 be a strictly positive function and b ∈ C 1 be a real-valued function. Then we propose a classification
of dissipation terms in non-effective and effective. In each case we derive estimates for kinetic and elastic type energies
by developing a suitable WKB analysis. Moreover, we show optimality of results by the aid of scale-invariant models
and we explain by an example that in some estimates a loss of regularity appears. Finally, our interest is to apply the
derived linear estimates to study global existence of small data solution to semi-linear models.
The talk is based on joint works with Michael Reissig (TU Bergakademie Freiberg).
[1] M. R. Ebert, M. Reissig, Regularity theory and global existence of small data solutions to semi-linear de Sitter models
with power non-linearity, 32 A4, submitted.
[2] M. R. Ebert, M. Reissig, Theory of damped wave models with integrable and decaying in time speed of propagation,
Journal of Hyperbolic Differential Equations, 13 (2016), 417–439.
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On the two-dimensional Zakharov–Kuznetsov equation
Andrei Faminskii
Department of Mathematics
RUDN University, Moscow, Russia
afaminskii@sci.pfu.edu.ru

Zakharov–Kuznetsov equation
ut + bux + uxxx + uxyy + uux = 0
is considered on a rectangle Σ = (0, R) × (0, L). Besides initial condition u t=0 = u0 (x, y), boundary conditions u x=0 =
µ0 (t, y), u x=R = ν0 (t, y), ux x=R = ν1 (t, y) are set as well as boundary conditions on the sides y = 0 and y = L, which
can be homogeneous Dirichlet, homogeneous Neumann or periodic. Consider, for example, Neumann case uy y=0 =
uy y=L = 0.
Results on global well-posedness in the classes of weak and regular solutions as well as on large-time decay of small
solutions are established. Let T > 0 be arbitrary, BT = (0, T ) × (0, L).
s/3,s
Theorem 1. Let u0 ∈ L2 (Σ), µ0 , ν0 ∈ Ht,y (BT ) for s > 3/2, ν1 ∈ L2 (BT ), µ0y (t, 0) = ν0y (t, 0) = µ0y (t, L) =
ν0y (t, L) ≡ 0. Then the problem is well-posed in the space Cw ([0, T ]; L2 (Σ)) ∩ L2 (0, T ; H 1 (Σ)).
4/3,4
1,3
(BT ), u0y (x, 0) = u0y (x, L) ≡ 0, µ0 (0, y) ≡ u0 (0, y),
Theorem 2. Let u0 ∈ H 3 (Σ), µ0 , ν0 ∈ Ht,y (BT ), ν1 ∈ Ht,y
ν0 (0, y)
≡
u0 (R, y),
ν1 (0, y) ≡ u0x (R, y), ∂y2j+1 µ0 (t, 0) = ∂y2j+1 ν0 (t, 0) = ∂y2j+1 ν1 (t, 0) = ∂y2j+1 µ0 (t, L) = ∂y2j+1 ν0 (t, L) = ∂y2j+1 ν1 (t, L) ≡ 0
for j = 0 and j = 1.
Then the problem is well-posed in the space {∂tm u ∈ C([0, T ]; H 3(1−m) (Σ))
3(1−m)+1
∩ L2 (0, T ; H
(Σ)), m ≤ 1}.
Theorem 3. Let u0 ∈ L2 (Σ), µ0 = ν0 = ν1 ≡ 0, bR2 < 3π 2 , then there exist 0 > 0 and κ > 0, such that if
ku0 kL2 (Σ) ≤ 0 , the corresponding unique solution to the considered problem u ∈ Cw ([0, T ]; L2 (Σ)) ∩ L2 (0, T ; H 1 (Σ))
∀T > 0 satisfies an inequality
√
ku(t, ·, ·)kL2 (Σ) ≤ 1 + Re−κt ku0 kL2 (Σ) ∀ t > 0.
Similar results are obtained for the problems set on the whole strip R × (0, L) and on the half-strip R+ × (0, L).

Finite lifespan of solutions of the semilinear wave equation in the Einstein-de Sitter spacetime
Anahit Galstyan
School of Mathematical and Statistical Sciences
University of Texas RGV, Edinburg, TX, USA
anahit.galstyan@utrgv.edu

We present some results on the semilinear massless waves propagating in the Einstein-de Sitter spacetime. The equation
for the self-interacting massless field in the Einstein-de Sitter spacetime is
4

−∂t2 ψ − 2∂t ψ + t− 3 A(x, ∂x )ψ = λ|ψ|p−1 ψ ,

(33)

where A(x, ∂x ) is a second order partial differential operator. It has singular coefficient and belongs to the family of
the non-Fuchsian partial differential operators. The initial value problem for this equation with the data on hyperplane
t = 0 must be defined properly. In [1] the weighted initial value problem for the covariant wave equation was introduced
and explicit representation formulas for the solutions were obtained. In [2] the parametrices in terms of Fourier integral
operators were constructed and the propagation and reflection of singularities phenomena were discussed. In [1] and [2]
the operator A(x, ∂x ) is the Laplace operator.
In this talk, we present the generalization of the setting introduced in [1] for equation (33). We show that for 1 < p < 4
the solution of the massless self-interacting scalar field equation in the Einstein-de Sitter universe has finite lifespan [3].
The talk is based on collaboration with Karen Yagdjian.
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[1] Anahit Galstian, Tamotu Kinoshita, Karen Yagdjian, A note on wave equation in Einstein and de Sitter space-time,
J. Math. Phys. 51 (2010).
[2] Anahit Galstian, Karen Yagdjian, Microlocal analysis for waves propagating in Einstein & de Sitter spacetime, Math.
Phys. Anal. Geom. 17 (2014), 223–246.
[3] Anahit Galstian, Karen Yagdjian, Finite lifespan of solutions of the semilinear wave equation in the in Einstein-de
Sitter spacetime, arXiv: 1612.09536 (2017).

On the classification of the spectrally stable standing waves of the Hartree problem
Vladimir Georgiev
Department of Mathematics
University of Pisa, Italy
georgiev@dm.unipi.it

We consider the fractional Hartree model, with general power non-linearity and space dimension. We construct variationally the “normalized” solutions for the corresponding Choquard-Pekar model - in particular a number of key properties,
like smoothness and bell-shapedness are established. As a consequence of the construction, we show that these solitons
are spectrally stable as solutions to the time-dependent Hartree model.
In addition, we analyze the spectral stability of the Moroz-Van Schaftingen solitons (see [1]) of the classical Hartree
problem, in any dimensions and power non-linearity. A full classification is obtained, the main conclusion of which is
that only and exactly the “normalized” solutions (which exist only in a portion of the range) are spectrally stable.
The talk is based on collaboration with Atanas Stefanov (University of Kansas, USA).
[1] V. Moroz, J. Van Schaftingen, Ground states of nonlinear Choquard equations: existence, qualitative properties and
decay asymptotics, J. Funct. Anal. 265 (2013), no. 2, 153–184.

Exact decay rate of solutions to second order evolution equations
Marina Ghisi
Department of Mathematics
University of Pisa, Italy
marina.ghisi@unipi.it

We consider an abstract second order evolution equation with damping of the form
u00 + u0 + Au + f (u) = 0.
The linear operator A is self-adjoint and nonnegative, with a discrete spectrum, and the nonlinear term f (u) has order
greater than one at the origin. For such equations there is the coexistence of slow solutions and fast solutions. Slow
solutions live close to the kernel of A, and decay as negative powers of t as solutions of the first order equation obtained
by neglecting the operator A and the second order time-derivatives in the original equation. Fast solutions live close
to the range of A and decay exponentially as solutions of the linear homogeneous equation obtained by neglecting the
nonlinear term in the original equation. The abstract results apply to semilinear dissipative hyperbolic equations.
The talk is based on collaborations with Massimo Gobbino and Alain Haraux.
[1] M. Ghisi, M. Gobbino, A. Haraux, Optimal decay estimates for the general solution to a class of semi-linear dissipative
hyperbolic equations, J. Eur. Math. Soc. (JEMS) 18 (2016), 1961-1982.
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[2] M. Ghisi, M. Gobbino, A. Haraux, Finding the exact decay rate of all solutions to some second order evolution
equations with dissipation, Journal of Functional Analysis 271 (2016), 2359-2395.

Quantization of energy and weak turbulence for some second order evolution equations with
nonlinear damping
Massimo Gobbino
Department of Civil and Industrial Engineering
University of Pisa, Italy
massimo.gobbino@unipi.it

We consider the second order evolution equation
u00 (t) + |u0 (t)|2 u0 (t) + Au(t) = 0,
where A is a self-adjoint operator with dense domain on a Hilbert space H. The spectrum of A is an increasing and
diverging sequence of positive eigenvalues. The damping term depends on a power of the norm of the velocity.
It can be easily shown that, as t → +∞, all nonzero solutions to this equation decay to 0 √
as t−1/2 in the phase space
D(A1/2 ) × H. This leads us to investigate the asymptotic behavior of the rescaled variable t · u(t).
We find a rather unexpected dichotomy phenomenon. Solutions with finitely many Fourier components are asymptotic
to solutions of the non-dissipative linearized equation v 00 (t) + Av(t) = 0, and exhibit some sort of equipartition of the
energy among the components. Solutions with infinitely many Fourier components tend to zero weakly but not strongly
(weak turbulence).
We show also that the limit of the energy of solutions depends only on the number of their Fourier components (quantization of energy).
The talk is based on joint work with Marina Ghisi (Pisa) and Alain Haraux (Paris VI).
[1] M. Ghisi, M. Gobbino, A. Haraux. Quantization of energy and weakly turbulent profiles of the solutions to some
damped second order evolution equations, arXiv:1701.08604

On the well-posedness for second order hyperbolic equations with time dependent oscillating
coefficients
Fumihiko Hirosawa
Department of Mathematical Sciences
Yamaguchi University, Japan
hirosawa@yamaguchi-u.ac.jp

We consider the well-posedness for the Cauchy problem of second order hyperbolic equation with time dependent coefficients:
(

∂t2 − a(t)2 ∂x2 + 2b(t)∂x ∂t u(t, x) = 0, (t, x) ∈ (0, T ] × R,
(P)
u(T, x) = u0 (x), ut (T, x) = u1 (x),
x ∈ R.
In particular, we are interested in the case that the characteristic roots vanish at t = 0. If a and b are polynomial, then
the necessary and sufficient conditions for the well-posedness of (P) in a suitable class, for instance C ∞ , Gevrey class,
etc., are described by the orders of a and b as t → 0 (cf. [1]). However, the “orders” of the coefficients are not necessarily
essential if a and b are oscillating functions. Indeed, there exist examples of a and b such that (P) must not be C ∞
well-poesed from a viewpoint of the order, but actually (P) is C ∞ well-poed (cf. [2]). In this talk we shall develop the
results in [2] taking account of some smoothness properties to a and b, which was studied in [3].
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[1] T. B. N. Bui, F. Hirosawa, On energy estimates for second order hyperbolic equations with Levi conditions for higher
order regularity, Ann. Univ. Ferrara Sez. VII Sci. Mat. 57 (2011), 317-339.
[2] F. Hirosawa, M. Reissig, Levi condition for hyperbolic equations with oscillating coefficients, J. Differential Equations
223 (2006), 329-350.
[3] V.Ya. Ivrii, V.M. Petkov, Necessary conditions for the Cauchy problem for non-strictly hyperbolic equations to be
well-posed, Uspekhi Mat. Nauk 29 (1974) 3-70 (in Russian) English translation: Russ. Math. Surveys 29 (1974), 1-70.

A Generalized Levi Condition for Weakly Hyperbolic Cauchy Problems with Coefficients
Low-Regular in Time
Daniel Lorenz
Institute of Applied Analysis
TU Bergakademie Freiberg, Germany
daniel.lorenz@math.tu-freiberg.de

We consider weakly hyperbolic equations of the form

m P
P
P

Dtm u =
aj,γ (t)λ(t)j Dxγ Dtm−j u +
bj,γ (t)Dxγ Dtm−j u,
j=1 |γ|=j


Dk−1 u(0, x) = gk (x),
t

|γ|<j

(t, x) ∈ [0, T ] × Rn , k = 1, . . . , m,

whose characteristic roots τk = τk (t, ξ) satisfy the separation condition
|τj (t, ξ) − τk (t, ξ)| ≥ δλ(t)hξi,

j 6= k, for all ξ ∈ Rn , t ∈ [0, T ],

where λ = λ(t) is a shape function with λ(0) = λ0 (0) = 0. It is well known that (in general) we have to impose Levi
conditions to get C ∞ or Gevrey well-posedness, even if the coefficients are smooth with respect to time.
In this talk, we discuss our approach to this problem when the coefficients are not smooth but only µ-continuous, where
µ is a modulus of continuity. We introduce a generalized Levi condition which yields well-posedness of the above problem
ν
0
δη(hDx i)
in weighted spaces Hη,
u ∈ H ν }, where the weight function η depends on the shape function λ as
δ = {u ∈ S : e
well as on the modulus of continuity µ.
We discuss some examples that link our work to existing results for Levi conditions for weakly hyperbolic equations and
to results for strictly hyperbolic equations with low-regular coefficients. The talk is concluded by looking at the case of
coefficients that also depend on x.
The talk is based on collaborations with Michael Reissig (TU Bergakademie Freiberg).

Nonlinear evolution equations and its applications to chemotaxis models
Akisato Kubo
Department of mathematics, School of Health Sciences,
Fujita Health University, Nagoya, Japan
akikubo@fujita-hu.ac.jp

In this talk we show the existence of the solution and asymptotic behavior for nonlinear evolution equations(cf [2]):

−u −u
 utt = D∆ut + ∇ · (χ(ut , e )e ∇u) + µ(1 − ut )ut



in Ω × (0, T )
(N E)
∂

u|∂Ω = 0
on ∂Ω × (0, T )


 ∂ν
u(x, 0) = u0 (x), ut (x, 0) = u1 (x)
in Ω
• u := u(x, t), for(x, t) ∈ Ω × (0, T )
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• Ω is a bounded domain in Rn with a smooth boundary ∂Ω and ν is a unit outer normal vector
• χ(s1 , s2 ) is sufficiently smooth, D and µ are positive constants.
Then we apply the result to a degenerate chemotaxis model:


ut − ∆u = −div(χu∇v) + µ1 u(1 − u − a1 v)
(CM ) vt = µ2 v(1 − a2 u − v)


u, v satisfy initial-0-flux boundary value condition
where µ1 , µ2 > 0, χ > 0. For |a1 |, |a2 | < 1, (CM) is considered in [1].
The talk is based on collaborations with J. I. Tello
[1] Akisato Kubo, Jose Ignacio Tello, Mathematical analysis of a model of chemotaxis with competition terms, Differential
and Intergral Equations, 29(5-6) (2016), 441-454.
[2]Akisato Kubo, Hiroki Hoshino, Nonlinear evolution equations with strong dissipation and proliferation, Current Trends
in Analysis and its Applications, Birkhäuser (2015), 233-241.

Focusing nonlinear Klein Gordon equation with potential
Sandra Lucente
Department of Mathematics
University of Bari, Italy
sandra.lucente@uniba.it

We describe the dynamics for the focusing nonlinear Klein-Gordon equation
utt − ∆u + m2 u = V (x)|u|p−1 u
with positive radial potential V and initial data in the energy space. Under suitable assumption on the potential, we
establish the existence and uniqueness of ground state solution that enables us to define a treshold size for the initial data
that separates global existence and blow-up. We find a global existence result for subcritical exponents and subcritical
energy data. For subcritical exponents and critical energy some solutions blow-up, other solutions exist for all time
according to suitable decomposition of the energy space of the initial data into two complementary domains determined
by the sign of the conformal energy functional which involves the potential V .
The talk is based on collaborations with Vladimir Georgiev.
[1] Kenig, C. E., Merle, F., Global well-posedness, scattering and blow-up for the energy-critical focusing non-linear wave
equation. Acta Mathematica, 201 (2008), 147 – 212.

Gevrey well posedness of the generalized Goursat-Darboux problem for linear PDEs with
constant coefficients
Jorge Marques
School of Economics, CeBER
University of Coimbra, Portugal
jmarques@fe.uc.pt

We consider the generalized Goursat-Darboux problem for third order linear PDE’s with constant coefficients. Our
purpose is to find necessary conditions for this problem to be well-posed in the Gevrey classes Γs with s > 1. It is proved
that there exists some critical index s0 such that if the Goursat-Darboux problem is well posed in Γs for s > s0 then
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the coefficients of the derivatives with respect to one of the variables are zero. In order to prove our results, we first
construct an explicit solution of a family of problems with data depending on a parameter η > 0 and then we obtain an
asymptotic representation of a solution as η tends to infinity.
The talk is based on collaborations with Prof. Jaime Carvalho e Silva.
[1] Bronshtein, M. D., Necessary solvability conditions for the Goursat problem over Gevrey spaces, Izv. VUZ. Matem.,
21 (8) (1977) 19-30.
[2] Carvalho e Silva, J. and Leal, C., The generalized Goursat-Darboux problem for a third order operator, Proc. Am.
Math. Soc., 125 (2) (1997) 471-475.
[3] Carvalho e Silva, J. and Srivastava, H. M., Asymptotic representations for a class of multiple hypergeometric functions
with a dominant variable, Integral transforms and special functions, 11 (2) (2001) 137-150.
[4] Hasegawa, Y., On the C ∞ Goursat problem for 2nd order equations with real constant coefficients, Proc. Japan
Acad., 51 (7), (1975) 516–519.
[5] Rodino, L., Linear partial differential operators in Gevrey spaces, Singapore: World Scientific (1993).

The regularity of the semilinear term on the Cauchy problem for the Schrödinger equation
Makoto Nakamura
Faculty of science
Yamagata University, Japan
nakamura@sci.kj.yamagata-u.ac.jp

Some modified Strichartz estimates are constructed and applied to the Cauchy problem for the critical semilinear
Schrödinger equation in the Sobolev space of fractional order. Small global solutions are obtained under less regularity
assumption for the semilinear term.
The talk is based on collaborations with Professor Takeshi Wada of Shimane University.
[1] H. Pecher, Solutions of semilinear Schrödinger equations in H s , Ann. Inst. H. Poincaré Phys. Théor. 67 (1997), no.
3, 259–296.
[2] H. Uchizono, T. Wada, On well-posedness for nonlinear Schrödinger equations with power nonlinearity in fractional
order Sobolev spaces, J. Math. Anal. Appl. 395 (2012), no. 1, 56–62.

A classification for wave models with time-dependent mass and speed of propagation

Wanderley Nunes do Nascimento
Institute of Mathematics, Statistics and Scientific Computation,
State University of Campinas, Campinas/SP, Brazil.
wnunesmg@ime.unicamp.br

In this talk we will consider the Cauchy problem for a wave equation with time-dependent propagation speed and mass
(
utt − a(t)2 ∆u + m(t)2 u = 0, (t, x) ∈ (0, ∞) × Rn ,
(34)
(u(0, x), ut (0, x)) = (u0 (x), u1 (x)), x ∈ Rn .
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We plan to propose a classification for the mass term m(t)2 u that should depend on the speed of propagation a(t). We
will consider the case a ∈
/ L1 and we expect that the case a ∈ L1 shall be treated using a different approach, see [1] and
[2]. The classification should be a natural generalization of the one proposesd in [3] and [4] in the case of constant speed
of propagation a(t) ≡ 1.
The talk is based on collaborations with Prof. Dr. Marcelo Ebert.
[1] Bui Tang Bao Ngoc, M. Reissig The interplay between time-dependent speed of propagation and dissipation in wave
models. Eds. M. Ruzhansky and V. Turunen, Fourier analysis, Trends in Mathematics, Birkhauser, (2014), 9-45.
[2] M. R. Ebert, M. Reissig, Theory of damped wave models with integrable and decaying in time speed of propagation,
Journal of Hyperbolic Differential Equations, v. 13 (2016), 417-439.
[3] C. Böhme, Decay rates and scattering states for wave models with time-dependent potential, Ph.D. Thesis, TU
Bergakademie Freiberg, 2011, 143pp.
[4] W. N. Nascimento, Klein-Gordon models with non-effective, PhD thesis, UFSCar (2016) 179 pp.

Fractional chain rule and application to a semi-linear scale-invariant wave equation with
damping and mass
Alessandro Palmieri
Institute of Applied Analysis
TU Bergakademie Freiberg, Germany
alessandro.palmieri@student.tu-freiberg.de

In the talk we discuss the fractional chain rule and its application to the Cauchy problem for a semi-linear wave equation
with scale-invariant damping and mass terms and with power non-linearity.
The model of interest is
(
utt − ∆u +

µ1
u
1+t t

+

µ2
2
u
(1+t)2

= |u|p ,

u(0, x) = u0 (x), ut (0, x) = u1 (x),
µ1 , µ22

where
are non-negative constants.
We consider the global (in time) existence of small data solutions. In particular, we study the interplay between the
power p, coefficients µ1 , µ22 , the data spaces regularity and spaces for solutions.
Moreover, we show how it is possible to apply some inequalities from harmonic analysis to the case in which we assume
H σ × H σ−1 , σ > 1 regularity for initial data.
The results of this talk are obtained in collaboration with Michael Reissig (TU Bergakademie Freiberg).

Lp − Lq decay estimates for the linear fractional diffusive equation
Tiago Henrique Picon
Department of Computing and Mathematics,
University of São Paulo, Ribeirão Preto, Brazil
picon@ffclrp.usp.br

In this talk we discuss the Lp − Lq decay estimates for the solution of fractional diffusive equation
 1+α

t ≥ 0, x ∈ Rn ,
∂t u − ∆u = 0,
u(0, x) = u0 (x),


ut (0, x) = u1 (x),

(35)

109

where α ∈ (0, 1) and ∂t1+α u is the Caputo fractional derivative in time defined by ∂t1+α u(t, x) := J 1−α (∂t2 u)(t, x) and J β
is the Riemann-Liouville fractional integral, given by
Z t
1
(t − s)β−1 f (s) ds,
J β f (t) =
Γ(β) 0
for 0 < β < 1 and Γ is the Euler gamma function. As application we present some results to the semilinear problem
associated to (1).
The talk is based on collaborations with Marcelo Ebert (University of São Paulo - Brazil) and Marcello D‘Abbicco (University of Bari - Italy).

Regularity theory and global existence of small data solutions to semi-linear de Sitter models
with power non-linearity

Michael Reissig
Institute of Applied Analysis
TU Bergakademie Freiberg, Germany
reissig@math.tu-freiberg.de

In the talk we discuss the Cauchy problem for semi-linear de Sitter models with power non-linearity. The model of
interest is
φtt − e−2t ∆φ + nφt + m2 φ = |φ|p , (φ(0, x), φt (0, x)) = (f (x), g(x)),
where m2 is a non-negative constant and n is the dimension. We study the global (in time) existence of small data
solutions. In particular, we show the interplay between the power p, admissible data spaces and admissible spaces of
solutions (Sobolev solutions, energy solutions or classical solutions).
The results of this talk are obtained in collaboration with Marcelo Rempel Ebert (University of Sao Paulo).

Large time behavior of solutions to strong damped wave equations
Hiroshi Takeda
Faculty of Engineering
Fukuoka Institute of Technology, Japan
h-takeda@fit.ac.jp

We derive the higher order expansion formulas for the solutions to the Cauchy problem of the strong damped wave
equation
∂t2 u − ∆u − ν∆∂t u = 0 in (0, ∞) × Rn ,
with u(0, x) = u0 (x), ∂t u(0, x) = u1 (x), where ν > 0. We apply these estimates to prove the second order expansion
formulas of the global solution for semilinear strong damped wave equations with nonlinearity f (u) like |u|p−1 u, p > 1.
We note that the contribution of u0 to the asymptotic profiles firstly appears from the second order expansion.
The talk is partially based on collaborations with Professor Ryo Ikehata (Hiroshima university).
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Asymptotic behavior of solutions to the wave equation with space-dependent damping
Yuta Wakasugi
Department of Engineering for Production and Environment
Ehime University, Matsuyama, Japan
wakasugi.yuta.vi@ehime-u.ac.jp

We consider the initial-boundary value problem for the damped wave equation
 2
x ∈ Ω, t > 0,
 ∂t u − ∆u + a(x)∂t u = 0,
u(x, t) = 0,
x ∈ ∂Ω, t > 0,

u(x, 0) = u0 (x), ∂t u(x, 0) = u1 (x), x ∈ Ω
in an exterior domain Ω ⊂ RN (N ≥ 2). Our purpose is to study how the damping term influences the asymptotic
behavior of the solution when the coefficient depends on the space variable. In particular, as a typical case, we assume
that
a(x) ∼ |x|−α

(|x| → ∞)

with some α ∈ R, and we investigate the effect of the parameter α in the energy decay and asymptotic behavior of the
solution. In this talk, we derive almost sharp decay estimates of the energy of the solution when α < 1. Moreover, we
prove that the asymptotic profile of the solution is given by a solution of the corresponding parabolic problem.
The talk is based on collaborations with Motohiro Sobajima (Tokyo University of Science).
[1] M. Sobajima, Y. Wakasugi, Diffusion phenomena for the wave equation with space-dependent damping in an exterior
domain, J. Differential Equations 261 (2016), 5690–5718.
[2] M. Sobajima and Y. Wakasugi, Remarks on an elliptic problem arising in weighted energy estimates for wave equation
with space-dependent damping term in an exterior domain, AIMS Mathematics, 2017, 2 (1): 1–15.

Asymptotic profiles of solutions for the linearized damped extensible beam equation with
variable coeffients
Shuji Yoshikawa
Faculty of Science and Technology
Oita University, Japan
yoshikawa@oita-u.ac.jp

We study a one-dimensional beam equation with variable coefficients. From the physical point of view the equation
arises from linearized equation of e.g. the Woinowsky-Krieger equation describing extensible beam (see [1]). From the
mathematical viewpoint, it corresponds to linearized Kirchhoff equation with 4th order space-derivative term. Our aim
of this study is to classify the property of solutions by the decay rate of given variable coeffieicents with respect to time.
The talk is based on collaborations with Yuta Wakasugi (Ehime University).

[1] Reinhard Racke and Shuji Yoshikawa, Decay estimates for the Cauchy problem for the damped extensible beam equation,
Applicable Analysis, 95 (2016), 1118-1136.
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Integral transform approach to the Klein-Gordon equation of quantum field theory in curved
spacetime
Karen Yagdjian
School of Mathematical and Statistical Sciences,
University of Texas RGV, Edinburg, USA
karen.yagdjian@utrgv.edu

In this talk we present an integral transform that allows to write solutions of the partial differential equation with variable
coefficients via solutions of simpler equation. (For details, see [1].) The application of this transform to the issue of global
in time existence of the solution to the Klein-Gordon equation of quantum field theory in some curved spacetimes will
be discussed. In particular, we will present a completion of the results of [2] on the global in time existence of solution
of the Klein-Gordon equation in the de Sitter spacetime for the self-interacting scalar field.
[1] Karen Yagdjian, Integral transform approach to solving Klein-Gordon equation with variable coefficients, Mathematische Nachrichten, 288 (17-18)(2015), 2129-2152.
[2] Anahit Galstian, Karen Yagdjian, Global in Time Existence of the Self-Interacting Scalar Field in De Sitter Spacetimes,
Nonlinear Anal. Real World Appl. 34 (2017), 110–139.
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Abstract Friedrichs systems and universal operator extension
Nenad Antonić
Department of Mathematics
University of Zagreb, Croatia
nenad@math.hr

The Friedrichs theory [4] of positive symmetric systems of first order partial differential equations encompasses many
standard equations of mathematical physics, irrespective of their type. More recently this theory was recast in an abstract
Hilbert space setting [3, 1].
We make a further step, presenting a purely operator theoretical description of abstract Friedrichs systems, and proving
that any pair of abstract Friedrichs operators admits bijective extensions with a signed boundary map. Moreover, we
provide sufficient and necessary conditions for existence of infinitely many such pairs of spaces, and by the universal
classification theory (see [5]) we get a complete identification of all such pairs, which we illustrate on a simle example.
The talk is based on collaborations with Marko Erceg and Alessandro Michelangeli.
[1] N. Antonić, K. Burazin: Intrinsic boundary conditions for Friedrichs systems, Commun. Partial Differ. Equ. 35
(2010) 1690–1715.
[2] N. Antonić, M. Erceg, A. Michelangeli: Friedrichs systems in a Hilbert space framework: solvability and
multiplicity, 27 pages, under review.
[3] A. Ern, J.-L. Guermond, G. Caplain: An intrinsic criterion for the bijectivity of Hilbert operators related to
Friedrichs’ systems, Commun. Partial Differ. Equ. 32 (2007) 317–341.
[4] K. O. Friedrichs: Symmetric positive linear differential equations, Commun. Pure Appl. Math. 11 (1958) 333–418.
[5] G. Grubb: Distributions and operators, Springer, 2009.

Directional short-time Fourier transform and directional regularity
Sanja Atanasova
Faculty of Electrical Engineering and Information Technologies
Ss. Cyril and Methodius University, Skopje, Macedonia
ksanja@feit.ukim.edu.mk

We prove the continuity results for the directional short-time Fourier transform (DSTFT) and the corresponding synthesis
n
b 1 (R)⊗U(C
b
operator on test function spaces K1 (Rn ) and D(Sn−1 )⊗K
), respectively, as well as on their duals. Then, we
introduce and analyze the directional wave front for tempered and exponential distributions.
The talk is based on collaborations with professor Stevan Pilipović and professor Katerina Saneva.

Microlocal regularity of linear partial differential operators with generalized coefficients
Chikh Bouzar
Laboratory of Mathematical Analysis and Applications
University of Oran 1, Algeria
ch.bouzar@gmail.com

The notion of regularity in the Colombeau algebra G (Ω) is based on the subalgebra G ∞ (Ω) which plays the same role
as C ∞ (Ω) in D0 (Ω) , and it is the basis of the development of local and microlocal analysis within G (Ω) , see [3,6,7].
However, the G ∞ −regularity does not exhaust the regularity problem inherent to the algebra G (Ω) . Given a set of
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sequences of real numbers R, a sheaf of subalgebras G R (Ω) of G (Ω) defines a new notion of local R−regularity for
generalized functions of G (Ω) ; the microlocalization of this R−regularity has also been done, see [2] and [1]. The aim
of this work is to tackle the problem of R−microlocal regularity of solutions of linear partial differential equations with
R−regular functions as coefficients in the spirit of the works of [4] and [5].
The talk is based on collaboration with T. Saidi.
[1] C. Bouzar, T. Saidi. Fourier analysis of generalized functions. Integral Transforms and Special Functions, Vol. 22,
(2011).
[2] A. Delcroix. Regular rapidly decreasing nonlinear generalized functions. Application to microlocal regularity. J.
Math. Anal. Appl., Vol. 327, (2007).
[3] M. Grosser, M Kunzinger, M. Oberguggenberger, R. Steinbauer. Geometric theory of generalized functions. Kluwer,
(2001).
[4] L. Hörmander. The analysis of partial differential operators, Vol. I, Distributions theory and Fourier analysis.
Springer, (1990).
[5] G. Hörmann, M. Oberguggenberger, S. Pilipovic. Microlocal hypoellipticity of linear partial differential operators
with generalized functions as coefficients. Trans. A. M. S., Vol. 358, (2005).
[6] M. Nedeljkov, S. Pilipovic, D. Scarpalezos. The linear theory of Colombeau generalized functions. Longman, (1998).
[7] M. Oberguggenberger. Multiplication of distributions and applications to partial differential equations. Longman,
(1992).

Fujita type blow-up for discrete reaction-diffusion equations on networks

Min-Jun Choi
Department of Mathematics
Sogang University, Seoul, Korea
dudrka2000@sognag.ac.kr

This talk is concerned with long time behaviors of solutions to the reaction-diffusion equations ut = ∆ω u + ψ(t)|u|q−1 u
with the non-trivial and nonnegaive initial data. The propose of this talk is to introduce a critical set C(ψ) in the
following sense:
(i) solutions blow up in finite time, for q ∈ C(ψ).
(ii) solutions with small initial data are exponentially decreasing, for q 6∈ C(ψ).
In order to prove the main theorems, we first derive the comparison principles for the solutions of the equation above,
which play an important role throughout our work. In addition, we give some numerical illustrations which exploit the
main results.

A new blow-up condition for solutions to p-Laplacian parabolic equations

Soon-Yeong Chung
Department of Mathematics
Sogang University, Seoul, Korea
sychung@sognag.ac.kr
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This lecture is concerned with a non-existence(blow-up) of the (weak) solutions to the initial and boundary value problem


p−2

∇u + f (x, u) , in Ω × (0, T ) ,
ut = div |∇u|
(E) u (·, 0) = u0 ,
in Ω,


u = 0,
on ∂Ω × (0, T ) ,
where p ≥ 2 and Ω ⊂ RN is a bounded domain with smooth boundary ∂Ω.
More precisely, we prove that the solutions to (E) blow up in finite time, for sufficiently large initial data L∞ (Ω)∩H0p (Ω),
under a condition for source term f ≥ 0 that
Z u
f (s) ds ≤ uf (u) + βup + γ, u > 0,
(Cp )
α
0
(α−p)λ0
,
p

for some α, β, and γ > 0 with 0 < β ≤
where λ0 is the first eigenvalue of the p-Laplace operator ∆p u :=

div |∇u|p−2 ∇u . Moreover, it will be shown that the condition (Cp ) improves the blow-up conditions ever known so
far (for example, see the conditions in [1], [2], and [3]).
[1] Z. Junning, Existence
and nonexistence of solutions for

ut = div |∇u|p−2 ∇u + f (x, u), J. Math. Anal. Appl. 172 (1993), 130 - 146
[2] S.A. Messaoudi, A note on blow-up of solutions a quasilinear heat equation with vanishing initial energy, J. Math.
Anal. Appl. 273 (2002), 243-247.
[3] W. Liu and M. Wang, Blow-up of the solution for a p-Laplacian equation with positive initial energy, Acta Appl.
Math. 103 (2008), 141-146.

Convolutors in spaces of tempered ultradistributions
Andreas Debrouwere
Department of Mathematics
Ghent University, Belgium
Andreas.Debrouwere@Ugent.be

In this talk we study convolutors in spaces of tempered ultradistributions, both of Beurling and Roumieu type. Our first
main objective is to construct a test function space whose dual is algebraically isomorphic to the space of convolutors.
We achieve this goal by characterizing the space of convolutors in terms of the short-time Fourier transform. Secondly,
we discuss the locally convex structure of the space of convolutors (endowed with the operator topology) and show that
the above isomorphism holds topologically in the Beurling case while it does not hold topologically in the Roumieu case.
The talk is based on collaboration with Jasson Vindas.

Recent results on the Fatou-Riesz Tauberian theorem
Gregory Debruyne
Department of Mathematics
Ghent University, Belgium
gregory.debruyne@ugent.be

The Fatou-Riesz Tauberian theorem is one of the most important Tauberian theorems. In one version, convenient for
our purposes, it says that if a real-valued function τ , defined on the positive half-axis, satisfies the Tauberian condition
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slowly decreasing, i.e. for each ε > 0, there is δ > 0 such that
lim inf inf τ (x + h) − τ (x) ≥ −ε,

(36)

x→∞ h∈[0,δ]

and its Laplace transform

∞

Z
L{τ ; s} =

τ (x)e−sx dx

converges for <e s > 0

(37)

x → ∞.

(38)

0

and admits a continuous extension on the line <e s = 0, then
τ (x) = o(1),

A natural question one could pose in regard to this theorem is how much the boundary behavior of L{τ ; s} can be
weakened, while still retaining the conclusion (38). In this talk, we will weaken it to a minimum. Namely, the boundary
behavior we will impose is local pseudofunction boundary behavior and it is minimal in the sense that (38) implies (36),
(37) and that L{τ ; s} admits local pseudofunction boundary behavior on the line <e s = 0. We will also discuss further
related results we obtained. Most of the material that will be presented is available in [1].
The talk is based on collaborations with Jasson Vindas.
[1] G. Debruyne, J. Vindas, Complex Tauberian theorems for Laplace transforms with local pseudofunction boundary
behavior, J. Anal. Math., to appear (preprint: arXiv:1604.05069).

A Picard-Lindelöf theorem for singular nonlinear PDE
Paolo Giordano
Wolfgang Pauli Institute (WPI)
Vienna, Austria
paolo.giordano@univie.ac.at

We present a Picard-Lindelöf theorem for normal singular nonlinear PDE



∂ k y = F t, x, ∂ j ∂ α y 
j<k
t
t x
|α|+j≤k
 j
∂t y(0, x) = fj (x)
0≤j<k
where F and fj can be, e.g., Schwartz distributions. The proof is based on a generalization of the Banach fixed point
theorem, but with loss of derivatives, without the uniqueness part, and starting the iterates exactly from the initial
condition. To realize this goal, some necessary requirements needed to be satisfied. Free composition of generalized
functions (GF) is one of those. Since that’s not simple if we define GF as functionals, we followed Cauchy and Dirac
and thought GF as smooth set-theoretical functions that can take infinite values and derivatives. But in that case, the
Lipschitz constants could be infinite; so we needed a language with infinitesimal and infinite numbers. But √
if we have
√
an infinitesimal h, then the ODE y 0 (1 + y)h = −t has solution defined only in the infinitesimal interval [− h, + h].
Therefore, we also needed GF defined only on infinitesimal sets. Finally, to define Fréchet-like spaces of GF, we needed
a good notion of compact set for GF and for their norms. Generalized smooth functions are a minimal branch of
Colombeau’s theory that allows for all these possibilities, see [1], and the result is hence proved in this framework. We
will see that this result applies to a vast class of PDE, e.g. if F is a polynomial and fj are Dirac deltas, but it does not
apply to equations such as ∂t y = δ(y), y(0, x) = 0 because the Lipschitz condition fails.
The talk is based on collaborations with Lorenzo Luperi Baglini.
See at my home page http://www.mat.univie.ac.at/∼giordap7:
[1] Giordano P., Kunzinger M., Steinbauer R., A new approach to generalized functions for mathematical physics.
[2] Giordano P., Luperi Baglini L., Picard-Lindelöf theorem for PDE.
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The generalized Hankel-Clifford transformation on certain spaces for a class of tempered
ultradistributions
V. R. Lakshmi Gorty
Department of Mathematics, BSH
SVKM’s NMIMS, MPSTME, Vile Parle (W), Mumbai-400056, India
vr.lakshmigorty@nmims.edu

The present paper aims to study theory for generalized Hankel-Clifford transformation on certain spaces of generalized
functions. To extend the transform to a space of tempered ultradistributions, the class of rapid descent ultra-differentiable
functions are stated. Mappings involving various differential operators are investigated and stated to be continuous. The
theory developed is applied to solve some partial differential equations involving generalized Kepsinki-type-operator with
tempered ultra-distributional initial conditions.
[1] M. Gelfand, G. E. Shilov , Generalized Functions, Vol. 3, Academic press, 1967.
[2] J. M. R. Mendez Perez and M. Socas Robayana, La Transformacion Integral De Hankel-Clifford De Orden Arbitrario
Homenaje al Prof. Dr. Nacere Hayek Calil pp. 199-207, 1990.
[3] A. H. Zemanian, Hankel transforms of arbitrary order, Duke Math. J. 34, 761-767, 1967.
[4] A. H. Zemanian, Generalized integral transformation, Interscience, 1966. (Republished by Dover, New York, 1987).
[5] E. L. Koh, A representation of Hankel transformable generalized functions, SIAM J. Math. Anal. 1, 33-36, 1970.
[6]F. Trves, Topological vector spaces distributions and kernels, Academic Press, New York, 1967.
[7] J. M. R. Mendez Perez, A Mixed Parseval Equation and the Generalized Hankel Transformation, Proc. Amer. Math.
Soc., 102, (1988), 619-624.
[8] R. E. Edwards, Functional analysis, Holt, Rinehart, and Winston, New York, 1965.
[9] S. P. Malgonde, Generalized Hankel-Clifford transformation of certain spaces of distributions, Rev. Acad. Canaria
Cienc. , XII (Nums.1-2), 51-73, 2000, - (Publicado en julio de 2001).
[10] S. P. Malgonde, and S. R. Bandewar, On a generalized Hankel-Clifford transformation of arbitrary order, Proc.
Indian Acad. Sci. (Math. Sci.), vol.110, No. 3, 293- 304, 2000.

The Picard-Lindelöf method in Colombeau type algebras
Maximilian F. Hasler
D.S.I. & CEREGMIA
Université des Antilles, Schoelcher, Martinique (France/F.W.I.)
Maximilian.Hasler @ Univ-Antilles.fr

We extend earlier preliminary results concerning a convenient Picard–Lindelöf–Cauchy–Lipschitz theorem in the setting
of algebras of Colombeau type generalized functions. The main tool is a fixed point theorem which goes beyond the
known results of contractions in ultrametric spaces, which are not “fine” enough for our purpose. Using this fixed point
theorem and an algebra with asymptotics defined by the differential problem, we are able to establish the announced
theorem on existence and uniqueness of solutions to the ODE with irregular data. In view of going beyond this, we
report on our progress in tackling the problem of the transport equation, a partial differential equation, with irregular
coefficients. We also try to compare our results to those of other authors and approaches, in particular those in the
framework of generalized smooth functions (GSF).
The talk is based on joint work with Jean-André Marti.
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Generalized functions and electromagnetic fields

Günther Hörmann
Faculty of Mathematics
University of Vienna, Austria
guenther.hoermann@univie.ac.at

We discuss formulations for electromagnetic fields corresponding to or acting on charged particles in terms of distributional tensor fields or U (1)-bundle curvature. The generic non-smoothness in combination with the non-linearity of
the interaction requires a careful mathematical set-up and methods from nonlinear theories of generalized functions, in
particular regularization approaches and non-smooth differential geometry, will be employed.
The talk is based on collaboration with Christian Spreitzer.

On the convolution of ultradistributions of Beurling and Roumieu type with spiral supports

Andrzej Kamiński
Faculty of Mathematics and Natural Sciences
University of Rzeszów, Poland
akaminsk@ur.edu.pl

We prove some theorems concerning existence and various prpperties of the convolution in the spaces of ultradistributions
of Beurling and Roumieu type as well as in the spaces of tempered ultradistributions of Beurling and Roumieu type,
respectively, under new conditions for their supports.
We discuss various situations when supports of considered ultradistributions are contained in a spiral type subsets of Rd .
They lead to wider classes of compatible and polynomially compatible supports which are unbounded in each direction
of Rd .
The talk is based on a joint work with Svetlana Mincheva-Kamińska.
[1] R. D. Carmichael, A. Kamiński and S. Pilipović, Boundary Values and Convolution in Ultradistribution Spaces, World
Scientific, New Jersey-London-Singapore-Beijing-Shanghai-Hong Kong-Taipei-Chennai, 2007.
[2] A. Kamiński and S. Mincheva-Kaminska, Compatibility conditions and the convolution of functions and generalized
functions, J. Function Spaces and Appl.; Special Issue: Geometry and Function Spaces, vol. 2013, pp. 1-11, doi:
10.1155/2013/356724.
[3] Kamiński, A., Mincheva-Kaminska, S. On existence and associativity of multi-convolutions of Beurling ultradistributions, J. Ineq. Spec. Funct., 8(1) (2017) 130-139.
[4] A. Kamiński, D. Perišić and S. Pilipović, Existence theorems for convolution of ultradistributions, Dissertationes Math.
340 (1995), 93-114.
[5] H. Komatsu, Ultradistributions, I-III: J. Fac. Sci. Univ. Tokyo, Sect. I A Math. 20 (1973), 25-105. 24 (1977),
607-628, 29 (1982), 653-717.
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Distributed order fractional constitutive stress-strain relation in a model of the wave equation
Sanja Konjik
Department of Mathematics and Informatics
University of Novi Sad, Serbia
sanja.konjik@dmi.uns.ac.rs

Recently, the classical wave equation has been generalized for the case of viscoelastic materials by the use of fractional
derivatives of constant real order (cf. [1,2]). In this work we use distributed order fractional model to describe wave propagation in viscoelastic infinite media, and study existence and uniqueness of fundamental solutions for the corresponding
generalized Cauchy problem. Some particular cases of distributed order fractional constitutive stress-strain relations are
examined in details, and numerical experiments are presented to illustrate theoretical results.
The talk is based on collaborations with Ljubica Oparnica and Dušan Zorica.
[1] Sanja Konjik, Ljubica Oparnica, Dušan Zorica, Waves in fractional Zener type viscoelastic media, Journal of Mathematical Analysis and Applications 365(1) (2010), 259-268.
[2] Sanja Konjik, Ljubica Oparnica, Dušan Zorica, Waves in viscoelastic media described by a linear fractional model,
Integral Transforms and Special Functions 22(4-5) (2011), 283-291.

Inverse function theorems for generalized smooth functions
Michael Kunzinger
Faculty of Mathematics
University of Vienna, Austria
michael.kunzinger@univie.ac.at

Generalized smooth functions (GSF) are an extension of Colombeau’s theory of nonlinear generalized functions. They
provide a non-Archimedean framework in which many results from classical analysis can be lifted to generalized functions,
often with proofs that closely resemble the standard ones. In this talk we present a number of local and global inverse
function theorems in GSF and discuss their relation to other approaches, in particular to the discontinuous Colombeau
differential calculus of Aragona, Fernandez, Juriaans and Oberguggenberger.
This is joint work with Paolo Giordano.

Optimal control problems in algebras of generalized functions
Tijana Levajković
Department of Mathematics
University Innsbruck, Austria
Tijana.Levajkovic@uibk.ac.at

This talk is devoted to the study of optimal control problems for finite dimensional nonlinear systems with constraints
in algebras of generalized functions. Particularly, we consider optimal control problems with the cost functional
Z t1
J(u) = φ(t1 , y(t1 )) +
L(t, y, u) dt,
(39)
t0

which is to be minimized with respect to a nonlinear state system

∂t y = F t, y, u , y(t0 ) = y 0 ,

(40)
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with additional constraints, where the state y(t) ∈ Rn and the control u(t) ∈ Rm , t0 ≤ t ≤ t1 . The study includes
optimal control problems with distributional initial data, with state equations which contain singular (delta) potentials
and problems with functionals which might be generalized functions.
We interpret the constrained minimization problems as variational problems with constraints in algebras of generalized
functions and derive necessary conditions for the optimal pair.
The talk is based on collaboration with Michael Oberguggenberger.

Modeling of generalized stochastic problems

Irina V. Melnikova
Institute of Nature Sciences and Mathematics
Ural Federal University, Ekaterinburg, Russia
Irina.Melnikova@urfu.ru

We distinguish two basic approaches in modeling stochastic problems. The first is modeling stochastic equations for
random processes on the basis of deterministic laws of physics, biology, economics, etc. in combination with describing
the effects of random perturbations. The second one is the derivation of deterministic PDEs for various probabilistic
characteristics of the simulated processes, in particular, infinite-dimensional extensions of Chapman–Kolmogorov and
Fokker–Planck equations.
In accordance with modern challenges of stochastic theory and applications we pay special attention to modeling infinitedimensional stochastic Cauchy problems. On the basis of the first approach for processes depending on spatial variables
x ∈ Rn , at the beginning we obtain the stochastic Cauchy problem with Ito integral with respect to perturbations in
the form of Brownian sheet W (x, t), t ≥ 0. Then, after generalized differentiation in x, we obtain the problem with a
cylindrical Wiener process, which should be understood in a generalized sense with respect to x and time variable t.
It remains unclear whether the cylindrical Wiener process is a characteristic feature of the models considered or some
changes (which?) in the formulation can reduce to equations with Q-Wiener processes.
As for the second approach, in contrast to classical results on relations between stochastic equations and corresponding
PDEs obtained under rather restrictive conditions, that do not take place in applications, we obtain generalized PDEs
for stochastic characteristics under conditions consistent with applications.
[1] Irina V. Melnikova, Stochastic Cauchy Problems in Infinite Dimensions: Generalized and Regularized Solutions,
Monographs and Research Notes in Mathematics, CRC Press (2016).

On integrability and convolvability of ultradistributions of Roumieu type via approximate units

Svetlana Mincheva-Kamińska
Faculty of Mathematics and Natural Sciences
University of Rzeszów, Poland
minczewa@ur.edu.pl

We consider several general sequential conditions for convolvability of ultradistributions of Roumieu type in the space
D0{Mp } (Rd ) and prove their equivalence. The discussed conditions, based on two classes of approximate units and a
result on integrability of ultradistributions of Roumieu type, are analogous to the known convolvability conditions in
the spaces D0 of distributions and D0(Mp ) of ultradistributions of Beurling type. Moreover, the following property of the

121

convolution and ultradifferential operator P (D) of class {Mp } is proved: if S, T ∈ D0{Mp } (Rd ) are convolvable, then
P (D)(S ∗ T ) = (P (D)S) ∗ T = S ∗ (P (D)T ).
[1] P. Dimovski, S. Pilipović, B. Prangoski and J. Vindas, Convolution of ultradistributions and ultradistribution spaces
associated to translation-invariant Banach spaces, Kyoto J. Math. 56 (2016), 401-440.
[2] P. Dimovski, S. Pilipović and J. Vindas, New distribution spaces associated to translation-invariant Banach spaces,
Monatsh. Math. 177 (2015), 495-515.
[3] H. Komatsu, Ultradistributions, III: Vector valued ultradistributions and the theory of kernels, J. Fac. Sci. Univ.
Tokyo, Sect. I A Math. 29 (1982), 653-717.
[4] S. Pilipović, On the convolution in the space of Beurling ultradistributions, Comment. Math. Univ. St. Paul 40
(1991), 15-27.
[5] S. Pilipović, B. Prangoski, On the convolution of Roumieu ultradistributions through the ε tensor product, Monatsh.
Math. 173 (2014), 83-105.

Anisotropic distributions and applications
Marin Mišur
Department of Mathematics
University of Zagreb, Croatia
mmisur@math.hr

H-distributions were introduced by Antonić and Mitrović (2011) as an extension of H-measures to the Lp − Lq setting.
Their variants have been successfully applied to problems in velocity averaging (Lazar and Mitrović 2012) and compensated compactness with variable coefficients (Mišur and Mitrović 2015). Unlike H-measures, which are nonnegative
Radon measures, H-distributions are only distributions in the Schwartz sense, which follows from the standard Schwartz
kernel theorem.
To give a precise description of H-distributions, we will introduce the notion of anisotropic distributions – distributions
of different order with respect to different coordinate directions. In order to show that H-distributions are anisotropic
distributions of finite order with respect to every coordinate direction, we will prove a variant of the Schwartz kernel
theorem.
We will use our variant of the Schwartz kernel theorem to show a generalisation of the Peetre theorem on coordinate-free
characterisation of partial differential operators, as well.
The talk is based on collaboration with Nenad Antonić and Marko Erceg.

The uniform moment asymptotic expansion
Lenny Neyt
Department of Mathematics
University of Ghent, Belgium
lenny.neyt@ugent.be

In the span of several articles, of which most results are nicely gathered in [1], R. Estrada and R. P. Kanwal introduced and
studied the properties of the so called Moment Asymptotic Expansion of distributions, which expresses the asymptotic,
for the topology of D0 , of a certain distribution f as
∞
X
(−1)n µn δ (n) (x)
f (λx) ∼
,
as λ → ∞,
n!λn+1
n=0
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for certain numbers µn called the moments of f . In this talk, we extend this notion into the realm of ultradistributions,
an discover its natural uniform nature. The ultimate goal is to give a complete characterisation and discuss possible
applications.
The talk is based on collaborations with Jasson Vindas.
[1] R. Estrada, R.P Kanwal, A Distributional Approach to Asymptotics: Theory and Applications, Birkhäuser Boston
(2002).

Colombeau algebras without asymptotics
Eduard A. Nigsch
Wolfgang Pauli Institute
Vienna, Austria
eduard.nigsch@univie.ac.at

All constructions of Colombeau algebras so far incorporate certain asymptotic estimates for the definition of the spaces
of moderate and negligible functions, the quotient of which forms the algebra. There is a certain degree of freedom in the
asymptotic scale employed for these estimates; most commonly a polynomial scale is used, but there exist generalizations
in several directions. Moreover, these estimates commonly employ test objects which also can be chosen in many different
ways.
I will present a (diffeomorphism invariant, full) algebra of generalized functions which, instead of asymptotic estimates
obtained by inserting appropriate test objects, employs only topological estimates on certain spaces of kernels for its
definition. This is a direct generalization of the usual seminorm estimates valid for distributions and appears to be a
promising concept for the further development of nonlinear generalized function spaces. Moreover, this algebra is almost
universal in the sense that there are canonical morphisms from it into most of the classical Colombeau algebras.

Stochastic Fourier integral operators in linear elasticity
Michael Oberguggenberger
Unit of Engineering Mathematics, Faculty of Engineering Science
University of Innsbruck, Austria
michael.oberguggenberger@uibk.ac.at

The talk is part of a project aiming at representing wave propagation in random media by means of stochastic Fourier
integral operators. Waves in a linear, homogeneous, isotropic medium are described by the (3 × 3)-system ρ0 ∂t2 u =
µ∆u + (λ + µ)∇(div u) + f for the displacement u = (u1 , u2 , u3 ) with the constant density ρ0 and the Lamé constants
~ with div ψ
~ = 0 reduces the system to four uncoupled wave equations for the potentials
λ, µ. Writing u = ∇ϕ + curl ψ
~ of the form ∂t2 ϕ = c2 ∆ϕ + χ (and similarly for ψ)
~ [2]. Splitting the wave operators in products of two half wave
ϕ, ψ
√
operators ∂t ± ic −∆, the solution u(x, t) can finally be synthesized from Fourier integral operator blocks of the form
ZZZ
Z t
b(x, t) =
ei(xξ−c|ξ|t)
eic|ξ|s χ
b(ξ, s) dsdξ.
0

Based on this mean field representation, random properties of the medium can be modelled by means of perturbed phase
functions (xξ − c(x)|ξ|t) in the integrands, where c(x) is a random perturbation of the mean propagation velocity c. The
coefficient c(x) is chosen as a random field with shape parameters calibrated by measured waves. The Fourier integral
operators are evaluated numerically using the cost saving butterfly algorithm [1]. In this way, a confidence bound around
the mean field solution can be computed. The ultimate goal of this research is to provide a method for damage detection
in elastic bodies from the time-dependent response induced by point-source excitations.
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The talk reports on joint work with Martin Schwarz (Innsbruck).
[1] Emmanuel Candès, Laurent Demanet, Lexing Ying, A fast butterfly algorithm for the computation of Fourier integral
operators, Multiscale Modeling and Simulation 7 (2009), 1727-1750.
[2] Vladimir B. Poruchikov, Methods of the Classical Theory of Elastodynamics, Springer-Verlag (1993).

Soliton dynamics for the Degasperis-Procesi equation
Georgy Omel’yanov
Department of Mathematics
University of Sonora, Hermosillo, Mexico
omel@mat.uson.mx

The Degasperis-Procesi equation is, in fact, the family of third order dispersive conservation laws,
)
(
 2
∂2u
∂ 
∂2u
∂u
∂u
∂2u
2
2 ∂
+ c3 u 2 ,
+
c0 u + c1 u = ε
− γ 2 + c2
α
∂t
∂x
∂x
∂t∂x
∂x
∂x
∂x
where x ∈ R1 , t > 0; ci ≥ 0, α ≥ 0, and γ ≥ 0 are constants, and ε > 0 characterizes the dispersion value. This family
contains only three integrable equations: 1. the KdV equation (α = c2 = c3 = 0), 2. the Camassa-Holm equation (γ = 0,
c1 = −3c3 /2α2 , c2 = c3 /2), and 3. the Degasperis-Procesi equation by itself (γ = 0, c1 = −2c3 /α2 , c2 = c3 ). It is
known also that the KdV equation has soliton as an exact traveling wave solution, the Degasperis-Procesi equation has a
non-smooth analog of soliton called ”peakon” whereas the Camassa-Holm equation has, depending on c0 either solitons
or peakons.
The aim of the talk is the following: 1. To consider the separation of the Degasperis-Procesi family (of the set of the
constants ci , α, γ) into clusters of equations with soliton and peakon traveling wave solutions respectively, and 2. To
discuss the scenario of soliton collision for essentially non integrable cases. Our main tool is the Weak Asymptotic
Method [1,2].
The talk is based on collaborations with my student J. Noyola Rodriguez.
[1] V.G. Danilov, G.A. Omel’yanov, Weak asymptotics method and the interaction of infinitely narrow delta-solitons,
Nonlinear Analysis: Theory, Methods and Applications, 54 (2003), 773–799.
[2] G. Omel’yanov, Multi-soliton collision for essentially nonintegrable equations, In: Generalized Functions and Fourier
Analysis, Series: Operator Theory: Advances and Applications, 260, (2017), 153-170.

Weyl asymptotic formulas for infinite order ΨDOs and Sobolev type spaces.
Part II: Heat kernel analysis; Infinite order Sobolev type spaces
Stevan Pilipović
University of Novi Sad, Serbia
stevan.pilipovic@gmail.com

This is the second in a series of three talks concerning a class of infinite order pseudo-differential operators. I will present:
a) The heat kernel analysis needed for the proofs of the Weyl asymptotic formulae for the class of operators. The main
P
−tλj
goal is the semigroup T (t)f = ∞
(f, ϕj )ϕj , f ∈ L2 (Rd ), t ≥ 0, with infinitesimal generator −A (the closure of
j=0 e
w
2
d
−a in L (R )) where λj and ϕj are the eigenvalues and eigenfunctions of A.
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∗
b) Infinite order Sobolev type spaces HA
(f ), where the order is given by a functions f belonging to a certain class of
p ,ρ
∗
”admissible” functions of sub-exponential (i.e. ultrapolynomial) growth. HA
(f ) satisfies most of the familiar results
p ,ρ
for the classical, finite order, Sobolev spaces. Moreover, I will present the Fredholm properties of infinite order ΨDOs
having hypoelliptic symbols satisfying elliptic bounds with respect to an admissible function f

The talk is based on collaborative works with Marco Cappiello, Bojan Prangoski and Jasson Vindas.

Weyl asymptotic formulae and Sobolev spaces for infinite order pseudo-differential operators.
Part I: hypoellipticity, semi-boundedness, the heat kernel
Bojan Prangoski
Department of Mathematics, Faculty of Mechanical engineering
University “Ss. Cyril and Methodius”, Skopje, Macedonia
bprangoski@yahoo.com

This is the first in a series of two talks concerning a class of infinite order pseudo-differential operators. The corresponding
symbols are global and of Shubin type and the natural functional framework that arises are the Komatsu spaces of nonquasi-analytic tempered ultradistributions. Here we discuss the symbol classes and the calculus that they enjoy as well as
the appropriate notion of hypoellipticity and the construction of parametrices. At last, we will talk about realisation in
L2 (Rd ) of such hypoelliptic operators, their semi-boundedness when the symbols additionally are real-valued and positive
and, at the very end, we give precise estimates on the heat kernel which are instrumental for deriving the asymptotics
of the eigenvalue counting function (the main goal of the second talk in this series given by Stevan Pilipović).
The talk is based on collaborations with Stevan Pilipović and Jasson Vindas.

Frame expansions of tempered distributions and ultradistributions
Diana T. Stoeva
Acoustics Research Institute
Austrian Academy of Sciences, Vienna, Austria
dstoeva@kfs.oeaw.ac.at

In this talk we present expansions in a Fréchet space and its dual via localized frames. In particular, we obtain frame
expansions in the Schwartz space and the space of tempered distributions, as well as frame expansions of tempered
ultradistributions. Furthermore, we extend a known characterization of the Schwartz space and its dual, based on the
Hermite basis, to a characterization based on a larger class of frame functions. A step further, we introduce a more
general concept of “localization” of Fréchet frames and investigate the corresponding frame-related operators.
The talk is based on collaborations with Stevan Pilipović.

A Diffeomorphism Invariant Algebra of Generalized Functions
Todor D. Todorov
Mathematics Department
California Polytechnic State University, San Luis Obispo, California 93407, USA
ttodorov@calpoly.edu

We construct a differential algebra containing a copy of the space of Schwartz distributions and this copy is preserved
under diffeomorphisms. Unlike other similar approaches (in particular, E. Nigsch’s approach), the set of generalized
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scalars of our algebra (the functions with zero gradient) forms an algebraically closed field (as any scalars should do).
As a consequence, the functions in our algebra satisfy the mean value theorem (borrowed from multivariable calculus).

Degenerate C-distribution semigroups and C-(ultra)distribution cosine functions in locally
convex spaces
Daniel Velinov
Department for Mathematics, Faculty of Civil Engineering
Ss. Cyril and Methodius University, Skopje, Macedonia
velinovd@gf.ukim.edu.mk

The main topic of this talk are degenerate C-distribution semigroups and degenerate C-(ultra)distribution cosine functions in the setting of barreled sequentially complete locally convex spaces. In our approach, the infinitesimal generator
of a degenerate C-(ultra)distribution cosine function is a multivalued linear operator and the regularizing operator C is
not necessarily injective. We provide a few important theoretical novelties, considering also exponential subclasses of
degenerate C-distribution semigroups and degenerate C-(ultra)distribution cosine functions.
The talk is based on collaborations with prof. Stevan Pilipović and prof. Marko Kostić.
[1] A. Favini, A. Yagi, Degenerate Differential Equations in Banach Spaces, Chapman and Hall/CRC Pure and Applied
Mathematics, New York, 1998.
[2] M. Kostić, Abstract Degenerate Volterra Integro-Differential Equations: Linear Theory and Applications, Book Manuscript, 2016.
[3] P. C. Kunstmann, Distribution semigroups and abstract Cauchy problems, Trans. Amer. Math. Soc. 351 (1999),
837–856.
[4] I. V. Melnikova, U. A. Anufrieva, V. Yu. Ushkov, Degenerate distribution semigroups and well-posedness of the
Cauchy problem, Integral Transform Special Functions 6 (1998), 247–256.

Solutions, bi-solutions and Green’s operators for non-smooth wave equations
James Vickers
Department of Mathematical Sciences
University of Southampton, United Kingdom
J.A.Vickers@soton.ac.uk

Classically singularities in general relativity are studied by looking at obstructions to the evolution of test particles along
causal geodesics. An alternative is to consider a singularity as an obstruction to the evolution of a test-field. This
point of view was called generalised hyperbolicity by Clarke and involves regarding certain singularities as interior points
in a spacetime with low regularity and then proving local well-posedness of the wave equation in the rough extension.
In recent work [1, 2] it has been shown that generalised hyperbolicity applies to spacetimes with generalised conical
singularities and where the metric is only Lipschitz.
In this talk we extend this approach to look at the evolution of quantum fields in spacetimes of low regularity. For
quantum fields a key role is played by the Feynman propagator – a bi-solution of the differential equation constructed
from the advanced and retarded causal Green’s operators G+ and G− . For smooth globally hyperbolic spacetimes the
existence of these follows from the well-posedness of the initial value problem. Surprisingly in the non-smooth case very
little is known about the existence of G+ and G− . In this talk we will generalise some ideas found in the proof of the
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L2 -conjecture in general relativity [3] to give partial answers to the question of the existence of the relevant Green’s
operators required to construct quantum propagators on non-smooth spacetimes.
[1] Y Sanchez Sanchez, J A Vickers Generalised hyperbolicity in spacetimes with string-like singularities, Class. Quantum
Grav. 33 (2016) 205002.
[2] Y Sanchez Sanchez, J A Vickers Generalised hyperbolicity in spacetimes with Lipschitz regularity, J. Math. Phys. 58
022502 (2017)
[3] S Klainerman, I Rodnianski, J Szeftel The bounded L2 curvature conjecture, Invent. Math. 202 91-216 (2015)

New developments in the non-linear theory of generalized functions: optimal embeddings of
ultradistributions and hyperfunctions
Jasson Vindas
Department of Mathematics
Ghent University, Belgium
jasson.vindas@UGent.be

In this talk we present an overview of various recent developments concerning the possibility to construct optimal
embeddings of ultradistributions and (infra-)hyperfunctions into algebras of generalized functions.
Optimality of the embedding here refers to the preservation of the multiplication of ultradifferentiable functions avoiding
any “loss of regularity”; in the hyperfunction case this means preserving the multiplication of real analytic functions.
The construction of such optimal embeddings was up to now an important question; our main goal is then to present its
solution. The hyperfunction and quasianalytic cases are much more difficult to deal with; in particular, their analysis
requires to investigate the solvability of the Cousin problem for vector-valued quasianalytic functions.
The talk is based on collaborative works with A. Debrouwere and H. Vernaeve [1–3].
[1] A. Debrouwere, J. Vindas, Solution to the first Cousin problem for vector-valued quasianalytic functions, Ann. Mat.
Pura Appl., in press, doi:10.1007/s10231-017-0649-0.
[2] A. Debrouwere, H. Vernaeve, J. Vindas, Optimal embeddings of ultradistributions into differential algebras, Monatsh.
Math., to appear (preprint: arXiv:1601.03512).
[3] A. Debrouwere, H. Vernaeve, J. Vindas, A non-linear theory of infrahyperfunctions, preprint: arXiv:1701.06996.

Toroidal pseudodifferential operators in spaces of ultradistributions on Tn
D̄ord̄e Vučković
Department of Mathematics
University of Ghent, Belgium
dordev@cage.ugent.be

In this talk we will study a class of symbols and corresponding pseudodifferential operators of finite order on torus
Tn that act continuously on a space of ultradistributions on Tn , of Beurling and Roumieu type, and develop symbolic
calculus for these classes.
The talk is based on collaboration with Jasson Vindas.
[1 ] M. Ruzhansky, V. Turunen, Pseudo-Differential Operators and Symmetries: Background Analysis and Advanced
Topics, Birkhäuser, Basel, 2010.
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[2] M.Cappiello, L. Rodino, SG-pseudodiferential operators and Gelfand- Shilov spaces, Rocky Mountain J. Math. 36 ,4
(2006), 1117-1148.
[3] B.Prangoski, Pseudodifferential operators of infinite order in spaces of tempered ultradistributions, J. Pseudo-Differ.
Oper. Appl. 4 (2013), 495-549.

Asymptotic expansions of thick distributions
Yunyun Yang
Department of Mathematics
West Virginia University Institute of Technology, USA
yunyun.yang@mail.wvu.edu

The theory of thick distributions was initially introduced to deal with the occurrence of a distributional singularity on
the boundary of a domain of integration. In this talk I will introduce the asymptotic expansion of thick distributions. I
will give a few examples of such expansion. It should be mentioned that the projection of thick expansion onto the usual
distribution space is the same as the asymptotic expansion of usual distributions.
The talk is based on collaborations with Professor Ricardo Estrada.

Stochastic evolution equations with Wick-square nonlinearity
Milica Žigić
Department of Mathematics and Informatics
University of Novi Sad, Serbia
milica.zigic@dmi.uns.ac.rs

We study stochastic nonlinear evolution equations of the form
ut (t, x, ω) = A u(t, x, ω) + u♦2 (t, x, ω),

u(0, x, ω) = u0 (x, ω),

(41)

where t ∈ (0, T ], ω ∈ Ω and u(t, ·, ω) belongs to a certain Banach algebra X. The operator A is densely defined,
generating a C0 −semigroup. The nonlinear part is given in the Wick-square product form u♦2 = u♦u, where ♦ denotes
the Wick product. In order to solve (41), we combine the Wiener-Itô chaos expansion method with the deterministic
semigroup theory and theory of nonlinear partial differential equations.
The talk is based on collaborations with T. Levajković, S. Pilipović and D. Seleši.
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Theory and applications of boundary-domain integral and
pseudodifferential operators
Organizers: E: Mikhailov, D. Natroshvili
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Analysis of boundary-domain integral equations for variable-coefficients mixed BVPs in 2D
Tsegaye Gedif Ayele
Department of Mathematics
Addis Ababa University, Ethiopia
tsegaye.ayele@aau.edu.et

In this paper, the mixed boundary value problem for the second order “stationary heat transfer” partial differential
equation with variable coefficient is considered in 2D. Using an appropriate parametrix (Levi function), this problem is
transformed to some direct segregated Boundary-Domain Integral Equations (BDIEs). Although the theory of BDIEs
in 3D is well developed, the BDIEs in 2D need a special consideration due to their different equivalence properties.
Consequently, we need to set conditions on the domain or on the associated Sobolev spaces to insure the invertibility
of corresponding parametrix-based integral layer potentials and hence the unique sovability of BDIEs. The properties
of corresponding potential operators are investigated. The equivalence of the original BVP and the obtained BDIEs are
analysed and the invertibility of the BDIE operators is proved.

The talk is based on collaborations with T.T. Dufera and S.E. Mikhailov.

Mixed and crack type dynamical problems of the thermopiezoelectricity theory without energy
dissipation
Otar Chkadua
Department of Mathematical Physics
A.Razmadze Mathematical Institute of Ivane Javakhishvili Tbilisi State University, Georgia
chkadua@rmi.ge

In this paper, we study mixed and crack type boundary value dynamical problems of the linear theory of thermopiezoelectricity for bodies with inner structure. The model under consideration is based on the Green-Naghdi theory of
thermo-piezoelectricity without energy dissipation. This theory permits propagation of thermal waves at finite speed.
We investigate a mixed boundary value problem for homogeneous isotropic solids with interior cracks. We derive Green’s
formulae and prove the corresponding uniqueness theorem. Using the Laplace transform, potential method and theory of
pseudodifferential equations on a manifolds with boundary we prove existence of solutions and analyze their asymptotic
properties. We describe the explicit algorithm for finding the singularity exponents of the thermo-mechanical and electric
fields near the crack edges and near the curves where different types of boundary conditions collide.
The talk is based on collaboration with T. Buchukuri and D. Natroshvili.

Analysis of boundary-domain integral equations for variable coefficient Dirichlet BVP in 2D
unbounded domain
Tamirat T. Dufera
Applied Mathematics Department, School of Applied Natural Sciences
Adama Science and Technology University, Ethiopia
tamirat.temesgen@astu.edu.et

In this paper, the Dirichlet boundary value problem for the second order “stationary heat transfer” elliptic partial
differential equation with variable coefficient is considered in unbounded (exterior) two dimensional domain. Using
an appropriate parametrix (Levi function), this problem is transformed to some direct segregated Boundary-Domain
Integral Equations (BDIEs). Although the theory of BDIEs in 3D is well developed, the BDIEs in 2D need a special
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consideration due to their different equivalence properties. Consequently, we need to formulate the boundary value
problem in appropriate weighted Sobolove spaces which are suitable for unbounded domain. We investigate the properties
of corresponding parametrix-based integral layer potentials and hence the unique sovability of BDIEs. The equivalence
of the original BVP and the obtained BDIEs is analyzed.
The talk is based on collaborations with Sergey E. Mikhailov.

An integral equation approach for numerical solution of elliptic equations with spacewise
dependent coefficients

B. Tomas Johansson
School of Mathematics, EAS, Aston University, B4 7ET Birmingham, UK, b.t.johansson@fastem.com

We give details of a method for the numerical approximation of the solution to the Dirichlet problem for elliptic equations
of second-order, in divergence form, with spacewise dependent coefficients. The solution domain is assumed planar and
being the interior of a simple closed curve. In the given method, the Dirichlet problem is reduced, with the use of the
Levi function (parametrix), following works by S. E. Mikhailov, to a system of domain-boundary integral equations.
A change of variables in the form of shrinkage of the boundary curve of the solution domain together with employing
numerical integration, render an efficient Nyström scheme for the construction of an approximation of the solution to
the obtained system of integral equations. Numerical examples are included showing the effectiveness of the proposed
approach.
The talk and results are done in collaboration with Mr Andriy Beshley and Prof. Roman Chapko from the Faculty of
Applied Mathematics and Informatics, Ivan Franko National University of Lviv, 79000 Lviv, Ukraine.

Boundary-domain integral equations for variable coefficient Brinkman systems on Lipschitz
domains

Mirela Kohr
Faculty of Mathematics and Computer Science
Babeş-Bolyai University, Cluj-Napoca, Romania
mkohr@math.ubbcluj.ro

The purpose of this talk is to present recent well-posedness results in Lp -based Sobolev spaces for Boundary-Domain
Integral Equations (BDIEs) associated with the Robin boundary value problems for the Stokes and Brinkman systems
with variable coefficients in Bessel potential spaces on a bounded Lipschitz domain in R3 . First, we use a parametrix
and obtain the corresponding variable coefficient Stokes Newtonian and layer potential operators and their mapping
properties on Lp -based Bessel potential and Besov spaces. Next, we show the equivalence of our Robin problem for
the variable coefficient Stokes system to that of a system of segregated BDIEs. By exploiting a functional analytic
method we show that the solvability of the variable coefficient system of BDIEs can be reduced to the unique solvability
of a corresponding problem with constant coefficients in Lp -based Sobolev and Besov spaces. Finally, we exploit the
well-posedness result from the linear case and a fixed point theorem to obtain an existence result for a Robin problem
for a semilinear Brinkman system in Lp -based Sobolev spaces on a bounded Lipschitz domain in R3 .
The talk is based on collaborations with MASSIMO LANZA DE CRISTOFORIS (Padova) and SERGEY E. MIKHAILOV
(London)
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[1] S.E. Mikhailov, C.F. Portillo, BDIE System to the mixed BVP for the Stokes equations with variable viscosity, Integral
Methods in Science and Engineering. Theoretical and Computational Advances (C. Constanda, A. Kirsh eds.), 401-412,
Springer (Birkhäuser), Boston (2015).
[2] M. Kohr, M. Lanza de Cristoforis, S.E. Mikhailov, W.L. Wendland, Integral potential method for transmission problem
with Lipschitz interface in R3 for the Stokes and Darcy-Forchheimer-Brinkman PDE systems. Z. Angew. Math. Phys.
67:116 (2016), no. 5, 1–30.

Weights and BVPs for analytic and generalized analytic functions
Vakhtang Kokilashvili
Department of Mathematical Analysis
A. Razmadze Mathematical Institute of I. Javakhishvili, Tbilisi State University, Georgia
kokil@rmi.ge

The goal of our talk is to discuss the following topics:
(i) to give solutions of the Riemann and Riemann-Hilbert problems in the frame of new, grand function spaces;
(ii) new weight results for Cauchy singular integral operators as a consequence of BVPs solutions.

Hadamard formula for eigenvalues of the Dirichlet problem for elliptic operators on C 1 -domains
Vladimir Kozlov
Department of Mathematics
Linköping University
vladimir.kozlov@eliu.se

The classical Hadamard formula for the first eigenvalue of the Dirichlet-Laplacian in a bounded domain gives its asymptotic representation when we perturb the reference domain by using a normal shift function. This asymptotic formula
was derived under quite restrictive smoothness assumptions on the boundary of the reference domain and the shift
function. Here we show that it is sufficient to assume only C 1 smoothness of both the reference and perturbed domains.
We demonstrate also that this smoothness is optimal. Namely, the result is not true for Lipschits domains and Lipschits
perturbations. For C 1,α -domains we give an optimal estimate of the remainder term in the asymptotics.
The talk is based on collaborations with Johan Thim.

On indirect boundary integral equations methods and applications
Angelica Malaspina
Department of Mathematics, Computer Science and Economics,
University of Basilicata, Potenza, Italy
angelica.malaspina@unibas.it

In the classical indirect method, the solution of Dirichlet (Neumann) problem for Laplace equation is sought in the
form of double (single) layer potential. We consider the alternative method in which the choice of form for the solution
of Dirichlet (Neumann) problem is a single (double) layer potential. In this talk, we present how to obtain these
integral representations. The boundary integral method we use requires neither pseudo-differential operators theory nor

132

hypersingular integrals, but it only hinges on the theory of reducible operators and the theory of differential forms.
We also show some applications of our results in the theory of conjugate differential forms and the applicability of our
method to different partial differential equations.
The talk is based on collaborations with Alberto Cialdea and Vita Leonessa.

Integral potential operators for Brinkman PDE system with nonsmooth coefficients in exterior
domain
Sergey E. Mikhailov
Department of Mathematics,
Brunel University London, Uxbridge, UK
sergey.mikhailov@brunel.ac.uk

A variational approach is used to define the generalised Newtonian and layer potentials for the nonsmooth-coefficient
Brinkman system (which can be considered as a modified Stokes system for viscous fluid flow in porous medium) in
a Lipschitz exterior domain in Rn , and prove the mapping properties of the associated operators. Some new weighted
Sobolev spaces are introduced to correctly describe behaviour of the pressure field at infinity. We show that the Newtonian
and layer potentials provided by the variational approach coincide with the well known Brinkman layer potentials in the
integral form in the case of constant coefficient Brinkman system
The talk is based on collaborations with MIRELA KOHR (Babeş-Bolyai University, Cluj-Napoca, ROMANIA).

Boundary-domain integral equations for scalar quasilinear elliptic problems
David Natroshvili
Department of Mathematics,
Georgian Technical University,Tbilisi, Georgia
natrosh@hotmail.com

The investigation is devoted to the application of localized parametrix approach in the study of three-dimensional boundary value problems (BVP) for quasilinear partial differential equations. Nonlinear problems treated in the paper appear in
mathematical modelling of many physical, engineering, biological, and life sciences. We consider the Dirichlet, Neumann,
Robin, and mixed type boundary value problems in the classical and weak settings for scalar quasilinear divergence form
partial differential equations of elliptic type and reduce them to the corresponding nonlinear localized boundary-domain
integral equations systems (NBDIE). Our main interest here is to analyze the obtained NBDIE. In particular, we show
that the localized NBDIE systems are equivalent to the original nonlinear BVPs for a wide class of quasilinear differential
equations in appropriate Hölder and Bessel potential spaces. For particular cases, the iteration method of successive
approximations for the nonlinear integral equations systems is substantiated on the basis of the fixed-point theorem.
For linear BVPs with variable coefficients the similar approach has been successfully developed in [1,2].
The talk is based on collaboration with Sergey Mikhailov (Brunel University London).
[1] O. Chkadua, S.E. Mikhailov, D. Natroshvili, Analysis of some localized boundary-domain integral equations. J. Integral
Equations Appl., 21(2009), No. 3, 407-447.
[2] O. Chkadua, S.E. Mikhailov, D. Natroshvili, Localized boundary-domain singular integral equations based on harmonic
parametrix for divergence-form elliptic PDEs with variable matrix coefficients, Integral Equations and Operator Theory,
76 (2013), 509-547.
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Pseudo-differential equations, boundary value problems and conical potentials
Vladimir B. Vasilyev
Chair of Differential Equations, Institute of Engineering Technologies and Natural Sciences
Belgorod National Research University, Belgorod, Russia
vbv57@inbox.ru

We study Fredholm properties of elliptic pseudo-differential operators (or equations) in Sobolev–Slobodetskii spaces on
manifolds with a boundary [1] but in our case the boundary may be non-smooth [2].
Basic principles for studying such equations are the following:
• a local principle or freezing coefficients principle;
• factorizability principle for an elliptic symbol at boundary point;
• a pluralism principle for singular boundary points which implies distinct types of local operators.
There are certain interesting corollaries for a statement of boundary value problems [3].
[1] G. Eskin, Boundary value problems for elliptic pseudodifferential equations, AMS, Providence (1981).
[2] V.B. Vasilyev, Elliptic equations and boundary value problems in non-smooth domains, In: Pseudo Differential Operators: Analysis, Applications and Computations. Operator Theory: Advances and Applications. 213. Birkhäuser,
Basel (2011). P.105–121.
[3] V.B. Vasilyev, New constructions in the theory of elliptic boundary value problems, In: Integral Methods in Science
and Engineering. Birkhäuser, Basel, 2015. P. 629–641.

On Analysis of united Boundary-Domain Integro-differential equations for Dirichlet problem
with a variable coefficient in 2D
Zenebe Wogderesegn Woldemicheal
Department of Mathematics, Faculty of Natural and Computational Science
Addis Ababa University, Addis Ababa, Ethiopia
zenebe.wogderesegn@aau.edu.et

The Dirichlet boundary value problem for a second order elliptic partial differential equation with variable coefficient
is considered in two dimensional domain. Such problems appear e.g. in stationary heat transfer problems in isotropic
inhomogeneous body. Using an appropriate parametrix (Levi function), this problem is reduced to some united boundarydomain integro-differential equations (BDIDEs) or may be supplemented by the original boundary condition thus constituting boundary domain integro-differential problems (BDIDPs). Though the theory of BDIEs in three dimensional
domain is well developed, the BDIEs in two dimensional domain needs a special consideration due to their different
equivalence properties. Solvability, solution uniqueness, and equivalence of the BDIDEs/BDIDPs to the corresponding
original BVP are investigated in appropriate Sobolev spaces.
The talk is based on collaborations with Prof. Dr. Sergey E. Mikhailov and Dr. Tsegaye Gedif Ayele.
[1] T.T. Dufera and S.E. Mikhailov, Analysis of Boundary-Domain Integral Equations for Variable-Coefficient Drichlet
BVP in 2D. Integral Methods in Science and Engineering, (2015).
[2] S.E. Mikhailov. Analysis of boundary-domain integral and integro-differential equations for a Dirichlet problem with
a variable coefficient,(2005).
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Gabor transformation on the sphere and its related topic
Keiko Fujita
Department of Mathematics
University of Toyama, Japan
keiko@sci.u-toyama.ac.jp

In the 9th ISAAC Congress, we studied the Gabor transform of analytic functionals on the sphere in general dimension. Then in the 10th ISAAC Congress, we studied the Gabor transformation on the 2-dimensional sphere and its
inverse transformation. In this talk, following our previous results, we will consider some applications by means of the
characteristics of the Gabor transform of analytic functionals or square integrable functions on the sphere.
[1] K.Fujita, Gabor transform of analytic functional on the sphere, Current Trends in Analysis and its Applications,
Proceedings of the 9th ISAAC Congress, Kraków 2013, Springer, 451-458 (2015).
[2] K.Fujita, Gabor Transformation on the Sphere and Its Inverse Transformation, New Trends in Analysis and Interdisciplinary Applications, Selected Contributions of the 10th ISAAC Congress, Macau 2015, Springer, 573-580 (2017)

A two-dimensional lapped directional wavelet transform with directional lifting
Kensuke Fujinoki
Department of Mathematical Sciences
Tokai University, Kanagawa, Japan
fujinoki@tokai-u.jp

We introduce a two-dimensional lapped directional discrete wavelet transform. The proposed transform is biorthogonal,
and the directional selectivity of the two-dimensional discrete wavelet transform is improved. The lifting scheme extended
with a redundant polyphase decomposition on Z2 is used for constructing two-dimensional biorthogonal directional filters
that generate a set of biorthogonal wavelets. As a specific example, we present biorthogonal wavelets based on B-spline
functions and discuss its property.

Detection of rotation angles on image separation problem
Akira Morimoto
Faculty of Education
Osaka Kyoiku University, Japan
morimoto@cc.osaka-kyoiku.ac.jp

We discuss about image separation problem. We observe linear combinations of source images with rotation and translation. From several observed images, we want to estimate parameters such as the number of source images, mixing
coefficients, rotation angles, and translation distances, finally to separate source images. In this talk, we propose detection
method of rotation angles by wavelet analysis.
The talk is based on collaborations with professors R. Ashino and T. Mandai.
[1] R. Ashino, S. Kataoka, T. Mandai and A. Morimoto, Blind image source separations by wavelet analysis, Appl. Anal.,
91(4) (2012), 617–644.
[2] R. Ashino, T. Mandai, A. Morimoto, Multistage blind source separations by wavelet analysis, Int. J. Wavelets
Multiresolut. Inf. Process., 12(4) (2014), 25 pages.
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Application of complex continuous wavelet analysis to auditory evoked brain responses
Nobuko, Ikawa
Faculty of Law
Ryutsu Keizai University, Japan
ikawa@rku.ac.jp

Auditory evoked brain responses obtained at mid brain that relay parts of the auditory system are used to assist human
objective audiometry test. As examples, there are Auditory Brainstem Response (ABR) and Auditory Steady-State
Response (ASSR). In this study, we discuss about the results that we applied the one-dimensional complex continuous
wavelet analysis (CCWA) to ABR and ASSR.
The talk is based on collaborations with professors R. Ashino and A. Morimoto.
[1] R. Galambos et al, A 40-Hz auditory potential recorded from the human scalp, Proc. Nati. Acad. Sci. USA,
78(4)(1981), 2643–2647.
[2] M. S. John, et al., MASTER: a Window program for recording multiple auditory steady-state responses, Comput.
Methods Programs Biomed., 61 (1998), 125–150.
[3] N. Ikawa, Automated averaging of auditory evoked response waveforms using wavelet analysis, International Journal
of Wavelets, Multiresolution and Information Processing, 11(04)(2013), 1360009-, 1–21.
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Fractional analogues of some inequalities

Serkan Aslıyüce
Department of Mathematics
Ankara University, Turkey
sasliyuce@ankara.edu.tr

The idea of fractional calculus based on a conversation between Leibniz and L’Hospital. By the 19th century, studies
of a number of mathematicians lead to a coherent theory of fractional calculus. Although there are many definitions of
fractional derivatives, the most known definitions are Riemann-Liouville and Caputo derivatives.
Because inequalities are useful tools in mathematics, authors began to establish fractional analogues of those being
published before.
In this presentation, we will show fractional analogues of Jensen and Wirtinger type inequalities.
The talk is based on collaborations with A. Feza Güvenilir.
[1] G.H. Hardy, J.E. Littlewood, G. Plya, Inequalities, Cambridge University Press (1988).
[2] R. Khalil, M. Al Horani, A. Yousef, M. Sababheh, A new definition of fractional derivative, J. Comput. Appl. Math.
264 (2014), 65-70.

Boundedness result of solutions for a semilinear evolution equations

Mohamed Berbiche
Department of Mathematics
University of Mohamed Khider, Biskra city, Algeria
berbichemed@yahoo.fr

We consider the Cauchy problem for a strongly coupled semi-linear heat equations with some kind of nonlinearity in
multi-dimensional space RN . We see under some conditions on the exponents and on the dimension N , that the existence
and uniqueness of global solutions for small data and their asymptotic behaviors are obtained. This observation will be
applied to the corresponding system of the damped wave equations in low dimensional space.
[1] M. Escobedo, M. A. Herrero, Boundedness and blow-up for a semilinear reaction-diffusion equation, J. Diff. Eqs. 89
(1991), 176–202.
[2] H. Fujita, On the blowing up of solutions of the problem for ut = ∆u + u1+α , J. Fac. Sci. Univ. Tokyo 13 (1966)
109–124.
[3] T. Cazenave, F. Dickstein, F. Weissler; An equation whose Fujita critical exponent is not given by scaling, Nonlinear
Anal. 68, (2008) 862-874.

Tauberian conditions under which convergence follows from its summability by the logarithmic
power series method

İBRAHIM ÇANAK
Department of Mathematics
Ege University, Izmir, Turkey
ibrahim.canak@ege.edu.tr
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Let (sn ) be a sequence of real numbers. If
−

∞
X
sn n+1
1
x
log(1 − x) n=0 n + 1

tends to a finite limit ξ as x → 1− in (0, 1), then we say that (sn ) is summable to ξ by the logarithmic power series
method. It is clear that if the ordinary limit limn→∞ sn = ξ exists, then the limit
lim f (x) = ξ

x→1−

also exists. However, the converse implication holds true only under some supplementary, so-called Tauberian condition(s). In this work, we find Tauberian conditions of slowly decreasing type under which convergence of a sequence of
real numbers follows from its summability by logarithmic power series method.
The talk is based on the collaboration with SEFA ANIL SEZER (Istanbul Medeniyet University).
[1] Kwee, B., Some Tauberian theorems for the logarithmic method of summability, Canad. J. Math. 20 (1968), 13241331.
[2] Móricz, F., Theorems relating to statistical harmonic summability and ordinary convergence of slowly decreasing or
oscillating sequences, Analysis (Munich) 24 (2004), 127-145.
[3] Móricz, F., Necessary and sufficient Tauberian conditions for the logarithmic summability of functions and sequences,
Studia Math. 219 (2013), 109-121.

Dissipative property for a class of non local evolution equations
A. R. G. Garcia
Department of Mathematics, Center of Exact and Natural Science
Federal University of Semi-Arid, Mossor RN, Brazil
ronaldogarcia@ufersa.edu.br

In this work we consider the non local evolution problem


∂t u = −u + g(βK(f ◦ u)(x, t) + βh), x ∈ Ω, t ∈ [0, ∞[;
u(x, t) = 0, x ∈ RN \ Ω, t ∈ [0, ∞[;


u(x, 0) = u0 (x), x ∈ RN ,
where Ω is a smooth bounded domain in RN ; g, f : R → R satisfying certain growing condition and K is an integral
operator with a symmetric kernel. We prove that Cauchy problem above is well posed, the solutions are smooth
with respect to initial conditions, and prove the existence of a global attractor. Futhermore, we exhibit a Lyapunov’s
functional, concluding that the flow generated, by the solutions of it, has a gradient property.
The talk is based on collaborations with S. H. Da Silva, B. E. P. Lucena.

A one dimensional asymptotic model of blood flow through a curved, elastic blood vessel
Arpan Ghosh
Department of Mathematics
Linköping University, Sweden
arpan.ghosh@liu.se
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We derive a one dimensional model of blood flow through a curved blood vessel having an anisotropic, laminar and
elastic wall structure. The blood vessel is assumed to have a circular cross section of varying radius along its length
while having a general curvature and torsion for its given centre line. Constitutive relations of linear elasticity and
Newton’s second law for the the wall and linearized Navier-Stokes equations for the blood flow are coupled with the help
of appropriate boundary conditions. Assuming the thickness of the wall of the vessel to be very small compared to the
radius, as well as the radius to be small compared to the length of the vessel, we perform dimension reduction in two
steps using asymptotic expansions to obtain a one dimensional model for the blood flow.
The talk is based on collaborations with Prof. Vladimir Kozlov and Prof. Sergei Nazarov.

Fractional order integro-differential equations solution by artificial neural networks approach

Ahmad Jafarian
Department of Mathematics, Urmia Branch, Islamic Azad University, Urmia, Iran
Islamic Azad Urmia University, Urmia, Iran
Jafarian5594@yahoo.com

Great care must be taken in considering the fact that neural networks moved in the direction of a systematic world such as
applied mathematics and engineering sciences. Such certain movement helped shaping fantastic changes in the numerical
solution of complicated cases which are overt in natural phenomena. In the present study, a comprehensive optimization
mechanism consisting of a reliable three-layered feed-forward neural network is formed to solve a class of fractional order
ordinary integro-differential equations. One point should be kept in mind that the supervised back-propagation type
learning algorithm which is based on the gradient descent method, is capable of approximating the mentioned problem
on an arbitrary interval to any desired degree of accuracy. Besides, some comparative test problems are given to reveal
the flexibility and efficiency of the proposed method.

Integer sub decomposition method for point multiplication over curves with j-invariant 0

Hailiza Kamarulhaili
School of Mathematical Sciences
Universiti Sains Malaysia, Penang, Malaysia
hailiza@usm.my

In this work, we revisited the elliptic scalar multiplication method which is called the Integer Sub-Decomposition (ISD).
This method was proposed in 2013 and considered as a complement to a well-known GLV method which was introduced
by Gallant, Lambert and Vanstone (GLV) in the year 2001. The original ISD method deals with trivial endomorphism
which only works on integer number field. By extending the ISD method into the complex quadratic field, more solutions
can be obtained. Allowing the ISD to work on the complex quadratic field has enabled this method to be applicable
on special curves, curves with j-invariant 0. Curves with j-invariant 0 have a unique endomorphism over the complex
number field. The fact that the ISD method requires three endomorphisms, the second and third endomorphism are
chosen in such a way that they belong to the same field as the first endomorphism. Several properties tailored to curves
with j-invariant 0 has been established in this work and more on going properties are still being develop to generate
proper and suitably efficient endomorphisms for implementation purposes.
The talk is based on collaborations with Siti Noor Farwina Mohamad Anwar Antony.
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Hemi-slant submanifolds as warped products in a nearly Kaehler manifold
Kamran Khan
Department of Applied Mathematics
Aligarh Muslim University, India
kamran35d@gmail.com

A hemi-slant (also called pseudo-slant) submanifold is endowed with two orthogonal complementary distributions, one is
totally real and the other is slant. This talk is devoted to investigate about results to characterize these submanifolds as
warped product subamifolds in a nearly Kaehler manifold. The existence of the two types of possible warped products
have been discussed.

A k-dimensional system of Langevin Hadamard-type fractional differential inclusions with 2k
different fractional orders
A. Mansouri
Department of Mathematics
South Tehran Branch, Islamic Azad University, Iran
arakmath2@yahoo.com

We investigate the existence of solutions for a k-dimensional system of Langevin Hadamard-type fractional differential
inclusions with 2k different fractional orders. We provide an example to illustrate our main result.
The talk is based on collaborations with Sh. Rezapour.

Yosida approximations for semilinear backward stochastic differential equation in infinite
dimensions

Roger Pettersson
Department of Mathematics, Linnæus University, Sweden
roger.pettersson@lnu.se

Convergence of Yosida approximations for semilinear backward stochastic differential equations in infinite dimensions
driven by a cylindrical Brownian motion is investigated. By Yosida approximation the involved, posssibly unbounded,
infinitesmal generator, is approximated by a bounded infinitesmal generator.
The talk is based on collaborations with Hani Adibi, University of Tunis El Manar, Tunisia.
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Uniform boundary stabilization of the wave equation with a nonlinear delay term in the
boundary conditions
Salah-Eddine Rebiai
LTM, Deprtment of Mathematics
University of Batna 2, Algeria
rebiai@hotmail.com

Let Ω be an open bounded domain of Rn with boundary Γ of class C 2 which consists of two non-empty parts Γ1 and Γ2
such that, Γ1 ∩ Γ2 = ∅.
In Ω, we consider a wave equation with a nonlinear delay term in the boundary conditions:
utt (x, t) − ∆u(x, t) = 0

in Ω × (0; +∞),

u(x, 0) = u0 (x), ut (x, 0) = u1 (x)
u(x, t) = 0

(42)

in Ω,

(43)

on Γ1 × (0, +∞),

(44)

∂u
(x, t) = −α1 f (ut (x, t)) − α2 g(ut (x, t − τ ))
∂ν
ut (x, −t) = f0 (x, −t)
on Γ2 × (0, τ ),

on Γ2 × (0, +∞),

(45)
(46)

where α1 and α2 are positive constants and u0 , u1 , f0 are the initial data which belong to an appropriate Hilbert space.
System (42)-(46) is subject to the following assumptions:
(H.1)

(i) f is a continuous, monotone, incrasing function on R;
(ii) f (s)s > 0 for s 6= 0;
(iii) M2 s2 ≤ f (s)s ≤ M1 s2 for | s |≥ 1 for some M1 , M2 , 0 < M2 < M1 ;
(H.2) g is Lipschitz, i.e | g(u) − g(v) |≤ L | u − v | .
(H.3) There exists x0 ∈ Rn such that mν ≤ 0 on Γ1 where m = x − x0 .

Under the assumptions stated above, we establish uniform decay rates for the solutions.
The talk is based on collaborations with Wassila Ghecham.

Tauberian theorems for statistical convergence and logarithmic statistical summability
Sefa Anil Sezer
Department of Mathematics
Istanbul Medeniyet University, Turkey
sefaanil.sezer@medeniyet.edu.tr

In this work, we establish new Tauberian theorems for the statistical convergence via the general logarithmic control
modulo of the oscillatory behavior of a real sequence. In addition, we define statistical logarithmic summability method
and extend some Tauberian theorems to this newly introduced method.
The talk is based on collaborations with RAHMET SAVAŞ (Istanbul Medeniyet University) and İBRAHIM ÇANAK (Ege
University).
[1] Bingham, N. H., Gashi, B., Logarithmic moving averages, J. Math. Anal. Appl. 421 (2015), 1790–1802.
[2] Fridy, J. A., Miller, H. I., A matrix characterization of statistical convergence, Analysis 11 (1991), 59-66.
[3] Ishiguro, K., Tauberian theorems concerning the summability methods of logarithmic type, Proc. Japan Acad. 39
(1963), 156-159.
[4] Kwee, B., A Tauberian theorem for the logarithmic method of summation, Proc. Cambridge Philos. Soc. 63 (1967),
401-405.
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[5] Móricz, F., Necessary and sufficient Tauberian conditions for the logarithmic summability of functions and sequences,
Studia Math. 219 (2013), 109-121.
[6] Schoenberg, I. J., The integrability of certain functions and related summability methods, Amer. Math. Monthly 66
(1959), 361-375.
[7] Sezer, S.A., Çanak, İ., Tauberian theorems for the summability methods of logarithmic type, Bull. Malays. Math. Sci.
Soc. (2016), doi:10.1007/ s40840-016-0437-9.

Understanding temperature dependent hydrogen bonding in solids from NMR chemical shifts:
experimental and periodic DFT approaches
Isak R. Shaikh

1,2

School of Chemical Sciences,
Hacettepe SRTM University,
Nanded 431 606 (Maharashtra) India

The development of structural characterization methods for crystals is an area of immense research interest in chemistry.
The establishment of links between structural information and Nuclear Magnetic Resonance (NMR) spectroscopy observables such as Chemical Shift (CS) is an important issue which has always concerned the solid-state NMR community.
Recent research [1-2] presents an account of 1H NMR experiments and CS calculations for some small bioactive organic
molecules using solid-state NMR spectroscopy experiments and CASTEP a periodic Density-Functional Theory (DFT)
code. This research project was initially motivated by the finding that while CASTEP generally reproduces 1H chemical
shifts well, it explains hydrogen bonding poorly. The CASTEP calculations showed that the temperature dependence
of hydrogen bonding is an important factor that explains the evolution of proton chemical shifts. The calculations may
also be used to assign organic molecules at natural abundance to crystal structures.
[1] Isak R. Shaikh (Supervisor: Robin Stein and Lyndon Emsley), Atosim Master Thesis, Bibliothque cole Normale
Suprieure de Lyon, EU Master Thesis, 2008, ENS - Lyon & CRMN - Villeurbanne, France.

[2] Isak R. Shaikh, Understanding Temperature Dependent Hydrogen Bonding in Solids from NMR Chemical Shifts: Experimental and Periodic DFT Approaches, 2014, ISBN: 978-93-83520-43- 5, International E-Publication, India. http://www.isca.co.in/CHE
CS-M-2014-001.pdf

Trigonometric approximation of functions in generalized Lipschitz class with Muckenhoupt
weights
Uaday Singh
Department of Mathematics
Indian Institute of Technology, Roorkee, India)
uadayfma@iitr.ac.in

In this paper we generalized the definition of weighted Lipschitz class Lip(α, p, w), where w (x) is a Muckenhoupt weight
given by [1] to the weighted class Lip (ξ (t) , p, w) , where ξ (t) is a positive non-decreasing function and determine the
degree of approximation of f ∈ Lip (ξ (t) , p, w) through matrix means of its trigonometric Fourier series. Our results
generalize the theorems of Guven [1, 2].
[1] Guven Ali, Trigonometric approximation of functions in weighted Lp spaces, Sarajevo Journal of Maths 5(17) (2009),
99–108.
[2] Guven Ali, Approximation in weighted Lp spaces, Revista De La, Union Mathematica Argentina 53(1) (2012), 11–23.
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